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Introduction




Setup of Spin Geometry

- M closed spin manifold of dimension m
- 7pm : TM — M tagent bundle of M
- S;s(M) space of pseudo-Riemannian metrics of signature
(r,s) with C1-topology, g € S, s(M)
- ©8 :Spinf M — SO% M a metric spin structure for M
- P% . HY(Z&M) C L2(¥8M) — L%(¥&M) Dirac operator
Dirac equation:

D b = M, 0+ 1 € [(ZEM), AER
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How to formulate if many metrics are involved?




Einstein-Dirac Equation

Definition: For any A\, e € R, the system of equations

D =M

Ricc® —1scalf g = %T(g7¢),

is called Einstein-Dirac equation.

Here, T(g.) € T?(M) is the energy momentum tensor of 1 defined
by

VX, Y € T(M): Tgp)(X,Y) =3 Re(X - V& + Y - V§1h,0),




Einstein-Dirac Functional

Definition: The Einstein-Dirac functional L is given by

(6,9) /M scalf e (i), ) — (1% b, ),

where g is a Riemannian metric and ¢ € ['(X8M) is a spinor field.
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Definition: The Einstein-Dirac functional L is given by

(6,9) /M scalé +eA (i, 6) — e(B5 ) v,

where g is a Riemannian metric and ¢ € ['(X8M) is a spinor field.

Theorem: The Einstein-Dirac equations are the Euler-Lagrange
equations of the Einstein-Dirac functional.

How can this hold? The bundle ¥ M depends on g.

What is the domain of definition for £?




A known way out

Theorem: The map

L2(EM) = [T e, omy L2(ZEM) = Smo(M)
¥ € [2(TEM) - g

is a continuous bundle of Hilbert spaces such that, the
identification isomorphisms

Bgn: LA(ZEM) — L2(£"M), g.h € Smo(M)

(constructed in Bourguignon/Gauduchon '92 for the Riemannian
case and in Bar/Gauduchon/Moroianu '03 for Lorentzian metrics)
provide a global trivialization

Be, 1 L2(EM) — [2(ZEM) x Spo(M).




Pros and Cons

As L?(£M) has an infinite-dimensional fibre over an infinite
dimensional base, the topology is very “large”.

Identification isomorphisms [, 4 are well known and often
sufficient to carry out local computations.

Hard to study global questions.

Can we find a natural finite dimensional bundle that captures

the spinor bundles of a spin manifold with respect to all
metrics including their Dirac structure?




R_ecall: Dirac Structure

On a metric spinor bundle 7%, : Y6 M — M there exists
- an extention of the Levi-Civita connection
Ve T(n%)) = T(my @ 75)),
- an extension of the metric g to the spinor bundle,
- a Clifford multiplication m& : TM Q@ L8M — YEM,
Vo= Vo
such that for all ¥, ¢’ € [(x%,), V, W € ()

—2g(V, W)y = Vg W gtp+ W g Vg1,

Vg, v') = g(Vu,0') + g(v, Vi),
VYW g p) = VHW g p + W g V1,
g(V g0, ¢) = (1) g(v, Vg ¥).




Main Theorem |

Main Theorem: There exists a finite dimensional vector bundle
TEy M — JIn"S such that for each pseudo-Riemannian metric
g € Srs(M), the associated metric spinor bundle 78 : X8 M — M
can be recovered from it (including the Dirac structure), i.e. there
exists there exists a morphism of (generalized) Dirac bundles 7,
such that

TEM - 5 M

g -3
lﬂ-M l’rsm

1
M Jjt(e) J17-‘-"75

commutes. Here, J17"* denotes the first jet bundle of
" S, sM — M. In addition, 7'r§M is natural with respect to spin
diffeomorphisms.




Main Theorem I

Main Theorem: There exists a maximal Cauchy development for
the Einstein-Dirac equation on Lorentzian manifolds.
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A Universal Spinor Bundle




On Vector Spaces

Definition: Let V be an oriented real m-dimensional vector space,
GL™ V be the set of oriented bases of V' and S;sV the set of
non-degenerate symmetric bilinear forms of signature (r,s) on V.
The canonical map
V. GLTV — S sV
b —  8b

such that gy, is b-pseudo-orthonormal is surjective and there exists
a diffeomorphism such that the follwing diagram commutes:

oL'v—Lt etV —" s, v

| |

GL' V/Spin, , — GLT V/SO, ;.
We set &Y := kY 0 6.




Connection

For any two bases b, b' € GL™ V/, let 7,(b') € R™™ be the
coordinate matrix defined by bj’. = Tb(b’)J’.b,-, 1 <j < m. For any
X,Y € T, GLT V, we define

(X, Y)p = (d1pX,d7,Y) = tr((d7pX)TdT,Y),

where AT := I, AT, ;. Then the (_, ), assemble to a natural
pseudo-Riemannian metric on GL™ V such that SO, s acts by
isometries. In particular,

TYGLT V i=kerdps",  TIGLT V.= (TYGLT V),

defines an orthogonal decomposition such that 7" GL™ V is a
connection on GLT V, the Bourguignon-Gauduchon horizontal

T N . ~ —+
distribution. (Again, lifts to universal cover &V : GL V — S, V)

13/ 36
-



Lniversal Spinor Bundle

Theorem: There exists a finite-dimensional vector bundle 7%,

~+ ﬂEM i
IM:=GL Mx, Y ¢——5 M——M,
w/

natural w.r.t. spin diffeomorphisms, together with

- a vertical connection V : T(7¢ _\4) X F(7%y) — T(75y),

- a universal spinorial metric 1 on 7T§M

- a universal Clifford multiplication

m: (7)) (TM) @ *M — M

compatible with the universal pseudo-Riemannian

- metric g on 7,7 = (7"%)*(Tm).

- vertical connection V : T(7¥s) x [(1,7°) = T (74)).




Liniversal Structures

Definition: Let ¢, ¢ € YM|g,, X* = (g«, V) € (7"%)*(TM),
V € TyM. We define the universal pseudo-Riemannian metric by

g(X", X7) := gx(V, V),
the wuniversal spinorial metric by
n(¢,¢) = g9, ¢),
and the universal Clifford multiplication

m(X* @) =X 0¢:=V 4 ¢.




Properties of universal structures

Lemma: The universal structures satisfy the compatibility
conditions

—2g(X*, X" )=X"eY e+ Y e X" 01
Vx(n(o,9) =n(Vxe, ¢')+n(o, Vxd'),
Vx(Y* 0d)=VxY*ed+ Y* e Vxd,

n(X* 0, ¢') = (~1)" (¢, X* # ).
where X*, Y* € [(117°), X € I'(T“;’KSM), ¢, ¢ € T(7E))).

We call this a generalized Dirac structure.




Pullrack Theorem

Theorem: For any metric g, there exists a morphism I, of vector
bundles such that
lg
YEM
N
N

N
N

g by
™ J l"'sm

M—E— 5, M.

commutes. In addition, /; is an isometric isomorphism with respect
to the spinorial metric on 7%, and g*n and it is compatible with the
Clifford multiplications m& and g*m.




Prorlem:

But I is not compatible with the vertical connections, since we
would have to check that

(&"V)v(lg(¥)) = Vagv(tg(v)) = Vi ¥,

which makes absolutely no sense, since a horizontal lift dgV/ is
certainly not vertical, so V g,y is not defined.
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A Universal Spinor Jet Bundle




Jet Spaces

Definition: Let 7% : X — M be a smooth fibre bundle. For any
p € M, denote by I',(7X) the space of sections defined on a
neighbourhood near p. Two such sections s, s, have the same 1-jet
atpe U, if Sl(p) = Sg(p) € X and dsl’TpM = d52|TpM- The
equivalence class j(s) of a local section s € [p(7X) is the 1-jet of
s at p. The set

S = {jp(s) [ p € M,s € Tp(n¥)}

is the first jet space of m. The space J'7X comes along with two
canonical projections called the source respectively target
projection:

AN LY o M W{fo W L A X

Jp(s) = p Jp(s) = s(p)




R elevance to Geometry

Let g € S, s(M) be a pseudo-Riemannian metric on M. This
metric induces a Levi-Civita connection and its Christoffel symbols
[ are given by

2rt, = g"(0igy + 0j81 — Oigy),

which depends only on the 1-jet of g. Consequently, the Levi-Civita
connection and therefore the spinorial Levi-Civita connection
depend only on the 1-jet of g.




Holonomice Lifts

Theorem: For any fibre bundle 7% : X — M be a fibre bundle.
Consider the pull-back diagram

FT’O(TX) — TX+——T"X

v
X Tx

71,0
X —— 5 X,

For any j;(s) € J X, there exists a natural decomposition

T1o(TX)jas) = m1o(T" X)jas) @ (ja(s), ds(TpM)).

emi oMl

This decomposition is well-defined (i.e. does not depend on the
choice of s for a given ji(s)). For any Y € T,M the tuple
(jA(s), ds(Y)) is called a holonomic lift.




Universal Spinor Jet Bundle

Theorem: The universal spinor bundle can be extended to a

tative di _
commutative |agram ZM Fx ZM

-y N
Tsm Tsm
7_‘_1’,5
1,0 -

S 225, M )

MM g

Moreover, the vector bundle 7‘r§M carries a connection V satisfying
FE>(Vxdliae) = Vxvdlgr) + V&, (¢ 0 8)lx

where ¢ := (id, 715 0 ¢) € [(Tg,), ¢ € [(7F,),
X € Tp(g)(Jtn"*), X := dngX and X¥ and Xj, are the vertical
and horizontal part. Here,




Lniversal Dirac structure

Definition: Consider the vector bundle 7‘7§M “YM — J1rrs We
define

E()_(*,_\_/_*) = gX(V, W):
ﬁj}(g)(¢7 d),) = ngx(¢7 ¢/)7
MX*®P) =X :=V .4 ¢,
where jl(g) € Jin"e,

X = (4(8), V), V" = (1(8), W) € (=5°)"(TM), 6, € T(75y).
6= F>(0), ¢ = FX(9).




Compatigility Relations

Lemma: The universal structures satisfy the following
compatibility relations:

where X € TSxms, X* Y* € (n5°)*(




Pullrack Property

Theorem: For every metric g on M, there exists a morphism 7g of
vector bundles such that

ite)*
J (g) (EM) s Em

| |5,
i1

M jt(g) Jl’n'r’S
commutes. In addition, 7g is isometric with respect to the spinorial
metric on 7%, and j(g)*7, it is compatible with the Clifford

multiplication m& and j!(g)*m and it is compatible with the
spinorial Levi-Civita connection on 7%, and j!(g)*V.




Qutline

Outlook on Killing equation




A technicality on Jet Spaces

There exists _* such that




Lniversal Killing Operator

Koi=V =A@t T(75y) — (T ©75)
¢ = (X Vzd—AX*%9)

For a universal spinor field F*(¢) = ¢ o g =: v, we obtain
Kx(9)lj1(g) = 0 if and only if

Vx € M:VX € Ty J' " - Vvl + V& Ulx = AXh g, ¢




Some Orservations / Questions

Assume ¢ satisfies

VxeM:V¥X e TJ}(g)Jlﬂ'r’s : VXV¢|g(x) + v§h¢|x = AXph g .

- If ¢ is vertically parallel, then v is a g-Killing spinor.
Conversely, can one always extend a Killing spinor to a
vertically parallel ¢?

- Does ¢ have any interesting properties even if its not vertically
parallel?

- Can we use this framework to obtain results about
pseudo-Riemannian Killing spinors?
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Appendix




Lniversal Levi Civita Connection

Definition: Via pullback
(7~)*(GLT M) —— GLT M

lw;ﬁs J{ﬂ‘*’
r,s

SpeM—"" M

we obtain a vertical distribution on 7. Let 7 : GL;, — GL(R™)
be the standard representation (glven by matrix mu|t|p||cat|on).
Recall that GL™ M x, R™ = TM, so

(775)*(TM) = ("°)*(GL™ M) x, R™ and therefore, we obtain a
vertical connection on 7,7 : (7"*)*(TM) — S, sM, which is
denoted by

Vi T(7)rs) x I_(T,(/’,s) — I-(T,(f).

We call V the vertical universal Levi-Civita connection.



Universal Levi-Civita connection

Definition: For any X € T1(g)J1 s,

= (j(g): V) € (mg*)"(TM), Y (gx, V) € (x"%)*(TM),
Ve TM, we set

VxY* te) = VxY" + vi,, v,
where dw{:g)_( =: X = XY @ dygXy is decomposed into its vertical

part and horizontal lift. The connection V is called universal
Levi-Civita connection, c.f. Pérez/Masqué 08.




De-tails on Vertical Connection

Definition: For any x € M, we define

TV GLT M := TV GLT(TM), TY'GLT M := ThGLH(TM),

and analogously for E—]Tfl\/l. The resulting decomposition
TYGLTM =TV GLT M@ TY"GLT M is called a vertical
distribution on kM : GL* M — S, ;M (and analogously on

M . afl\/l — S, sM). We denote by

Vi T(73, .m) X M(w5u) = T(7&m)

the induced vertical connection, i.e. the connection induced on the
associated bundle 7T§M : XM — S, sM that is only defined for all
directions in the vertical space T M TS, sM — M.






