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1. Introduction

Modern Portfolio Theory (MPT) is based on the landmark paper [4] published by Henry
Markowitz in 1952, for which he was awarded the Nobel Memorial Prize in Economic Sciences
in 1990. It addresses on of the biggest and most heatedly debated question of portfolio
management: Which stocks should one select? The key contribution is the insight that one
should consider risks as well as returns. By taking volatilities and correlations into account,
one can make use of powerful diversification effects. Maximizing the portfolio returns given
an acceptable level of risk, or, equivalently, minimizing portfolio risks given a target return,
leads to the famous concept of an efficient frontier, see Fig. 1.

In his paper [4], Markowitz introduces these key financial concepts and mathematically
proves the case for d = 3 assets geometrically. In this script we first introduce some basic
notions around asset prices and returns Section 2, introduce the fundamental Gaussian model
of asset returns in Section 3 and illustrate diversification can be mathematically explained
in that model. In the core Section 4, we give fully self-contained proofs of Markowitz’
results for the general case of d assets using modern calculus, in particular the theory of
Lagrange multipliers to solve constrained optimization problems. We give a summary of the
results needed in Section 8. These results apply to markets of risky assets only, which is not
realistic. Thus, in Section 5 we repeat the study for markets that have a risk-free asset in
addition leading to the famous Capital Allocation Line (CAL) and the notion of a Sharpe
ratio. Finally, in Section 6 we use the results to derive how individual asset returns relate
to market returns, discuss the implications for active vs. passive investing and how CAPM
can be used to assess performance of asset managers.
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2. Asset & Returns

In this section we summarize some basic notions around total returns, rate of returns and
their relationship to asset prices and cashflows.

Definition 2.1 (returns). Let (St)0≤t≤n be a time series of asset prices of length n + 1.
The time series (R′

t)1≤t≤n of length n defined by

R′
t := St − St−1 (2.1)

is called the total capital gains/losses of the asset S. Let (Ct)1≤t≤n be the time series of
cashflows of the asset S (e.g. dividends, coupons, etc.). Then

Rt := R′
t + Ct = St − St−1 + Ct. (2.2)

are called the total holding period returns. ♢

In practice cashflows are an important component of the returns. The theory is a bit
smoother though for assets that don’t generate cashflows.

Lemma 2.2 (prices from total returns). Let Rt be the total returns of an asset with initial
price S0 and cashflows (Ct)1≤t≤n. Then for any 1 ≤ t ≤ n,

St = S0 +

t∑
i=1

R′
i = S0 +

t∑
i=1

Ri −
t∑

i=1

Ci (2.3)

In particular, any two assets price time series with the same capital gains/losses only differ
by a constant (given by the difference in their initial values). ♢

Proof. The first equation can be seen via induction over t. Clearly, for t = 0, this equation
holds. To see the implication t 7→ t+ 1, we calculate

St+1
(2.1)
= R′

t+1 + St
(2.3)
= Rt+1 + S0 +

t∑
i=1

R′
t +R′

t+1 = S0 +

t+1∑
i=1

R′
t.

To see the second equation, we notice that

t∑
i=1

R′
i

(2.2)
=

t∑
i=1

(Ri − Ci) =

t∑
i=1

Ri −
t∑

i=1

Ci. □

The total returns of assets can be on very different orders of magnitudes and denominated in
very different currencies and units, which makes them hard to compare. Thus, we introduce
the rate of return.

Definition 2.3 (rate of return). Let (St)0≤t≤n be a time series of asset prices with total
returns (Rt)1≤t≤n. Then is the holding period rate of return (rt)1≤t≤n is defined by:

rt :=
Rt

St−1
=

St − St−1 + Ct

St−1
=

St − St−1

St−1︸ ︷︷ ︸
=:r′t

+
Ct

St−1︸ ︷︷ ︸
=:ct

= r′t + ct (2.4)

The quantity r′t is the rate of capital gains/losses and ct is often called dividend yield /
coupon rate / etc. ♢
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Notice that in the absence of cashflows, rt = r′t is simply the percentage change of the asset
price. The terminology is not entirely coherent in the literature. Often, rt are simply called
“the returns”.

Lemma 2.4 (prices from rate of returns). Let (rt)1≤t≤n be the rate of return of an asset
with initial price S0 and dividend yields (ct)1≤t≤n. Then for any 0 ≤ t ≤ n,

St = S0

t∏
i=1

(1 + r′i) = S0

t∏
i=1

(1 + ri − ci) (2.5)

In particular, any two assets with the same rate of return have a constant ratio. ♢

Proof. The first equation can be seen by induction over t. Clearly, this holds for t = 0. To
see the implication t → t+ 1, we first use the definitions to obtain

r′t+1 =
R′

t+1

St
=

St+1 − St

St
=

St+1

St
− 1.

Thus

St+1 = (1 + r′t+1)St = (1 + r′t+1)S0

t∏
i=1

(1 + r′i) = S0

t+1∏
i=1

(1 + r′i),

which implies the first equation. The second equation follows from (2.4). □

Remark 2.5. This formula can be used to express the returns r′0,t over n holding periods:

r′0,t :=
Sn − S0

S0
=

S0

∏t
i=1 (1 + ri)− S0

S0
=

t∏
i=1

(1 + r′i)− 1

In particular, if the asset goes down by p% in the first period and then down by the same
p% in the second:

r′0,2 = (1− p)(1 + p)− 1 = 1− p2 − 1 = −p2 ̸= 0. ♢

3. The Gaussian Model

Modern portfolio theory is based on the Gaussian model of asset returns. Throughout we
make the following assumptions:

Assumption 3.1 (Modern Portfolio Theory Model Assumptions).

• There exists a fixed universe of d assets S = (S(1), . . . , S(d)), which can be bought and
sold in any fractional amount, positive and negative at zero transaction costs.

• At any fixed point in time, the return vector r = (r(1), . . . , r(d)) describing the rate of
return of these assets over a fixed horizon (e.g. 1Y) is a multivariate Gaussian1random
variable, i.e.

r ∼ N (µ,Σ)

with a mean vector µ ∈ Rd and covariance matrix Σ ∈ Rd×d.
1see e.g. https://en.wikipedia.org/wiki/Multivariate_normal_distribution
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Figure 2: Impact of Correlation

• We make the technical assumptions that

– The returns µ ∈ Rd and 1 = (1, . . . , 1) ∈ Rd are linearly independent.

– The covariance matrix Σ is positive-definite2. ♢

Remark 3.2. Instead of working with a covariance matrix Σ ∈ Rd×d given by

Σij = Cov[r(i), r(j)] = E[(r(i) − µi)(r
(j) − µj)] ∈ R

one can also work with a correlation3 matrix C ∈ Rd×d given by

ρij :=
Σij

σiσj
=

Cov[r(i), r(j)]√
Var[r(i)]

√
Var[r(j)]

∈ [−1, 1]

and a vector σ2 = (σ2
1 , . . . , σ

2
d) of variances, or, alternatively of volatilities σ = (σ1, . . . , σd).

Denoting by D(σ) the diagonal matrix with the volatilities, one can also write this as

Σ = D(σ)CD(σ). ♢

We do not aim to introduce multivariate Gaussians in this script from scratch, but want
to convey one very important intuition. Say, we are considering two assets, then positive
correlation means their returns tend to move together, see Fig. 2a. If they are uncorrelated
the returns are independently from each other, see Fig. 2b. If they are negatively correlated,
the returns tend to move in opposite directions, see Fig. 2c.

3.1. Portfolio Returns & Volatilities The problem of forming a portfolio P can hence
be reduced of specifying a relative weight each asset has in the portfolio.

Definition 3.3 (weight vector). A weight vector is a vector w ∈ Rd such that

d∑
i=1

wi = 1. ♢

Remark 3.4. In many other mathematical contexts, one requires a weight to be non-
negative, i.e. wi ≥ 0, which then implies wi ≤ 1. We explicitly allow weights to be negative.
The financial interpretation of this is that we allow for short-selling. ♢

Weights are relative weights, i.e. in percent. In order to execute a plan to actually form a
portfolio by buying/selling the assets, the relative weights have to be translated into absolute
units.

2see e.g. https://en.wikipedia.org/wiki/Definite_matrix
3see e.g. https://en.wikipedia.org/wiki/Correlation
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Definition 3.5 (units vector). Let S = (S(1), . . . , S(d)) be a market of d assets of value S
(i)
0

at t = 0 and w = (w1, . . . , wd) be a weight vector. For any investment amount A, we define
a corresponding vector u = (u1, . . . , ud) of units related to the portfolio value P0 at t = 0

via

ui :=
wiA

S
(i)
0

. ♢

By construction, the value P0 of the portfolio at t = 0 satisfies

P0 =

d∑
i=1

uiS
(i)
0 .

Lemma 3.6. Assume no cashflows. Let P =
∑d

i=1 uiS
(i)
0 be a portfolio value at t = 0. At

t = 1 (day/year/etc.) the total returns of the portfolio satisfy

RP := P1 − P0 =

d∑
i=1

uiR
(i) (3.1)

and the rates of return of the portfolio satisfy

rP :=
RP

P0
=

d∑
i=1

wir
(i). (3.2)

♢

Proof. We calculate for the total returns

RP =

d∑
i=1

uiS
(i)
1 −

d∑
i=1

uiS
(i)
0 =

d∑
i=1

ui(S
(i)
1 − S

(i)
0 ) =

d∑
i=1

uiR
(i)

and the rate of return

rP =
RP

P0
=

1

P0

d∑
i=1

ui(S
(i)
1 − S

(i)
0 ) =

1

P0

d∑
i=1

ui((1 + r(i))S
(i)
0 − S

(i)
0 )

=
1

P0

d∑
i=1

wiA

S
(i)
0

S
(i)
0 (1 + r(i) − 1) =

d∑
i=1

wir
(i) □

Remark 3.7. The (3.2) is of key importance to the model. It implies that the portfolio
returns are a weighted sum of the asset returns. The financial implications are that they can
be worked out entirely in percent without any reference to any currency. The mathematical
implications are that portfolio returns are linear combination of the Gaussian asset returns,
which enables an efficient theoretical treatment. ♢

Theorem 3.8. Assume that r = (r(1), . . . , r(d)) ∼ N (µ,Σ) is a Gaussian vector of asset
returns. Then the portfolio returns rP =

∑d
i=1 wir

(i) = w⊤r are also Gaussian satisfying

rP ∼ N (µP , σ
2
P ),

where the portfolio returns are given by

µP := E[rP ] = w⊤µ =

d∑
i=1

wiµi (3.3)
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and the portfolio variance is given by

σ2
P := Var[rP ] = w⊤Σw =

∑
i,j

wiwjΣij =

d∑
i,j=1

wiwjσiσjρij (3.4)

=
∑
i

w2
i σ

2
i + 2

∑
i<j

wiwjσiσjρij . (3.5)
♢

This claim follows from the fact that linear combination of Gaussian random variables are
Gaussian.

3.2. Diversification The following is the mathematical foundation of a key principle of
portfolio optimization.

Theorem 3.9 (diversification). In the Gaussian model with d assets it is always true that

µP =

d∑
i=1

wiµi, σP ≤
d∑

i=1

wiσi. ♢

Proof. The first equation follows from the linearity of expectations. For the second, we
calculate

σ2
P =

∑
i

w2
i σ

2
i + 2

∑
i<j

wiwjσiσj ρij︸︷︷︸
≤1

≤
∑
i

w2
i σ

2
i + 2

∑
i<j

wiwjσiσj

=
∑
i,j

wiwjσiσj =
(∑

i=1

wiσi

)2
. □

This theorem has profound implications. It states that the volatility of the portfolio is always
less (or equal) than the weighted volatilities of the assets. The counter-intuitive consequence
of this is that you can reduce your risk by taking risks. The proof resolves this paradox:
If the new asset has low, maybe even negative, correlation with the rest of the portfolio
assets, the total risk is reduced. This is the mathematical reasoning behind diversification,
the widely spread principle of not putting all your eggs in one basket. It also shows that
portfolio volatility is driven not only by the asset volatilities, but even more so by their
correlation structure.

Remark 3.10. In the simplified case where all assets weights are equal, i.e. wi :=
1
d , we

have

µP =
1

d

d∑
i=1

µi = µ̄

σ2
P ≈ 1

d
σ̄2 +

d− 1

d
σ̄2ρ̄ −−−→

d→∞
σ̄2ρ̄,

where µ̄, σ̄, ρ̄ are the average return, risk and correlation. This shows that if correlations
are small enough, these can yield a big reduction in portfolio risk. This equation is quite

8
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Figure 3: Efficient Frontier

famous, but the first ≈ is only a rule of thumb. The other steps can be rigorously proven:

σ2
P =

∑
i

w2
i σ

2
i + 2

∑
i<j

wiwjσiσjρij =
1

d2

∑
i

σ2
i +

2

d2

∑
i<j

σiσjρij

≈ 1

d2

∑
i

σ̄2 +
2

d2

∑
i<j

σ̄2ρ̄ =
1

d
σ̄2 +

2

d2
d(d− 1)

2
σ̄2ρ̄

=
1

d
σ̄2 +

d− 1

d
σ̄2ρ̄

♢

Remark 3.11 (two asset example). For d = 2 we can conveniently express the first asset
weight as w := w1 and the second as w2 = 1−w and thus obtain a neat formula for portfolio
return and variance in this case:

µP = wµ1 + (1− w)µ2

σ2
P = w2σ2

1 + (1− w)2σ2
2 + 2w(w − 1)σ1σ2ρ ♢

4. Modern Portfolio Theory (MPT)

4.1. Risk Minimization We now prove the first version of the Markowitz optimization:
Given the universe of d assets, the distribution r ∼ N (µ,Σ) of their returns, and a target
return µP we want to achieve with a portfolio, what are the optimal portfolio weights
w∗ ∈ Rd in order to minimize the volatility σ∗

P of the portfolio but still achieving the
expected target returns µP ? The following theorem gives the answer.

Theorem 4.1 (Markowitz Variance Minimization). For any chosen target returns µP , the
problem

minimize w 7→ 1

2
w⊤Σw subject to w⊤ 1 =

d∑
i=1

wi = 1 and µ⊤w =

d∑
i=1

wiµi = µP ,

9



has a unique solution

w▽ = w▽(µP ) =
C −BµP

D
Σ−1 1+

AµP −B

D
Σ−1µ, (4.1)

where

A := 1⊤ Σ−1 1 B := 1⊤ Σ−1µ C := µ⊤Σ−1µ, D := AC −B2 (4.2)

are all scalar. The variance pertaining to w▽ is given by

(σ▽
P )

2 = σ▽
P (µP )

2 =
Aµ2

P − 2BµP + C

D
. (4.3)

♢

Proof. Define the objective function f : Rd → R, w 7→ 1
2w

⊤Σw. Its derivative is given by

∇f(w) = w⊤Σ ∈ R1×d .

Define the two constrains

g1 : Rd → R, w 7→ w⊤ 1 g2 : Rd → R, w 7→ w⊤µ,

which have derivatives

∇g1(w) = 1⊤ ∈ R1×d ∇g2(w) = µ⊤ ∈ R1×d .

By Theorem 8.1 there exists λ = (λ1, λ2) ∈ R2 such that a critical point w▽ satisfies

∇f(w▽) = (λ1, λ2)

(
∇g1(w▽)

∇g2(w▽)

)
= λ1∇g1(w▽) + λ2∇g2(w▽).

Plugging in the definitions, we obtain the Euler Lagrange equation

(w▽)
⊤Σ = λ1 1

⊤ +λ2µ
⊤ =⇒ Σw▽ = λ1 1+λ2µ. =⇒ w▽ = Σ−1(λ1 1+λ2µ). (4.4)

Plugging this into the constraints gives two more equations

1 = 1⊤ w▽ = λ1 1
⊤ Σ−1 1︸ ︷︷ ︸

=A

+λ2,1
⊤ Σ−1µ︸ ︷︷ ︸

=B

= λ1A+ λ2B

µP = µ⊤w▽ = λ1 µ
⊤Σ−1 1︸ ︷︷ ︸
=B

+λ2 µ
⊤Σ−1µ︸ ︷︷ ︸
=C

= λ1B + λ2C.

The key insight is that A,B,C ∈ R, thus these satisfy a 2 x 2 system of linear equations(
A B

B C

)(
λ1

λ2

)
=

(
1

µP

)
.

The determinant of that system is D := AC − B2. Because Σ−1 is positive-definite the
Cauchy-Schwarz inequality4 for the scalar product ⟨_,_⟩Σ−1 induced by Σ−1states

B2 = |1⊤ Σ−1µ|2 = |⟨1, µ⟩Σ−1 |2 ≤ ⟨1,1⟩Σ−1⟨µ, µ⟩Σ−1 = AC =⇒ D = AC −B2 ≥ 0

4see e.g. https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality
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Figure 4: Parametrizations of Efficient Frontier

with equality if and only if µ and 1 are linearly dependent. Since we have assumed inde-
pendence in Assumption 3.1, we conclude D > 0. Thus, we have the explicit formula(

λ1

λ2

)
=

(
A B

B C

)−1(
1

µP

)
=

1

D

(
C −B

−B A

)(
1

µP

)
=

1

D

(
C −BµP

−B +AµP

)
and the optimal weights are explicitly given by

w▽
(4.4)
= Σ−1(λ1 1+λ2µ) =

1

D
Σ−1((C −BµP )1+(AµP −B)µ)

=
C −BµP

D
Σ−1 1+

AµP −B

D
Σ−1µ.

For the variance, we calculate

(σ▽
P )

2 = w⊤
▽Σw▽ = w⊤

▽

(C −BµP

D
1+

AµP −B

D
µ
)

=
(C −BµP

D
1⊤ Σ−1 +

AµP −B

D
µ⊤Σ−1

)(C −BµP

D
1+

AµP −B

D
µ
)

=
1

D2

(
(C −BµP )

2A+ 2(C −BµP )(AµP −B)B + (AµP −B)2C
)

=
1

D2

(
AC2 − 2ABCµP +AB2µ2

P + 2ABCµP − 2B2C − 2AB2µ2
P + 2B3µP

+A2Cµ2
P − 2ABCµP +B2C

)
=

1

D2

(
µ2
P (AB2 − 2AB2 +A2C) + µP (−2ABC + 2B3 − 2ABC + 2ABC)

+AC2 − 2B2C +B2C
)

=
1

D2

(
µ2
P (A

2C −AB2)− 2µP (ABC −B3) +AC2 −B2C
)

=
1

D2

(
ADµ2

P − 2µPBD + CD
)
=

Aµ2
P − 2BµP + C

D
. □

4.2. The Efficient Frontier One way of thinking about Theorem 4.1 is that we have
found a way to assign to any target return µP a portfolio w▽ that achieves these returns
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and is of minimal variance (σ▽
P )

2. We can thus think of this assignment as a function. This
function is very famous and has a special name.

Definition 4.2 (efficient frontier). The function

µP 7→ σ▽
P (µP )

2 :=
Aµ2

P − 2BµP + C

D
, (4.5)

where A,B,C,D are given in (4.2), is called Efficient Frontier. ♢

Notice that the coefficients A,B,C,D depend on the market model (µ,Σ). Thus, this
function essentially solves the investment problem. For any given target returns, it tells us
the risks in form of the variance we have to accept. In Fig. 4a we have plotted the graph
of this function. One should remark that this function is in fact so famous that there exist
slightly different forms.

Variance vs. Volatility When plotting the function (4.5), we plot returns µP against
variances σ2

P , which is called return-variance parametrization. The result is a parabola,
which is a very nice easily tractable function mathematically. In most mathematical theory,
working with variances is generally easier than working with volatilities. However, for prac-
tical purposes, recall that the returns are given in percent, e.g. µP = 20%. Analogously,
the volatilities are also given in percent, e.g. σP = 10%, which means that returns and
volatilities can be compared very nicely. The variance would be σ2

P = 0.12 = 0.01, which
is a much smaller number, but of course doesn’t correspond to lower risk. Because of these
practical considerations, many people prefer to plot the risks as volatilities, i.e. standard
deviations, rather than variances, i.e. µP against σP , which is also shown in Fig. 4a. As we
can see, the shape of the graph using volatilities is qualitatively similar, basically just a bit
more narrow, than the graph using variances.

Global Minimal Variance The efficient frontier in its return-variance parametrization is
a parabola. Like all parabolas, this means it has a global minimum, which we can calculate,
see Corollary 4.3. This is a remarkable result of profound practical relevance: In presence of
risky assets, we can reduce risk through diversification and portfolio construction, but not
below an absolute threshold. This threshold σ2

mvp depends only on the market covariance
Σ and also leads to the lowest returns µmvp associated to this level of risk. Now, if we aim
for higher returns, i.e. target µP > µmvp, then we have to live with higher levels of risk.
That makes sense. However, targeting lower returns µP < µmvp, also increases the risk
from a purely mathematical point of view as evident from the plot of the parabola. This
is not financially meaningful though. Once we know the minimal level of risk σmvp and
the associated returns µmvp, any rational investor would either accept that or target higher
returns accepting higher risks. Nobody would reasonably target lower returns than those
associated with the lowest risk at the cost of higher risks. For that reason, the left half of
the parabola in Fig. 4a is often deleted.

Corollary 4.3 (Global Minimum Variance Portfolio (MVP)). Assume that the returns of
a portfolio follow the d-dimensional normal distribution N (µ,Σ). The problem

minimize
1

2
w⊤Σw subject to 1⊤ w =

d∑
i=1

wi = 1.

12



has a unique solution satisfying

wmvp =
Σ−1 1

1⊤ Σ−1 1
=

1

A
Σ−1 1, σ2

mvp =
1

1⊤ Σ−1 1
=

1

A
, µmvp =

1⊤ Σ−1µ

1⊤ Σ−1 1
=

B

A
(4.6)

♢

There are two ways to prove this: We can either solve this via Lagrangians with one condition
dropped or we can use the result of the previous theorem and minimize over all target returns.
We give both proofs here.

Proof. Using Lagrangians is a much easier version of the previous technique: The La-
grangian is now given by

Σwmvp = λ1 =⇒ wmvp = λΣ−1 1 .

Thus, plugging this into the only constraint gives

1 = 1⊤ wmvp = λ1⊤ Σ−1 1 =⇒ λ =
1

1⊤ Σ−1 1
,

thus

wmvp =
Σ−1 1

1⊤ Σ−1 1
=⇒ σ2

mvp = w⊤
mvpΣwmvp = λ2 1⊤ Σ−1 1 =

1

1⊤ Σ−1 1
=

1

A
,

=⇒ µmvp = µ⊤wmvp =
µ⊤Σ−1 1

1⊤ Σ−1 1
=

B

A
. □

Proof. This result can also be obtained by using (4.3)

σ▽
P (µP )

2 =
A(µP )

2 − 2BµP + C

D
.

and finding its minimal value:

0
!
=

∂σ▽
P (µP )

2

∂µP
(µmvp) =

2Aµmvp − 2B

D
=⇒ Aµmvp = B =⇒ µmvp =

B

A
.

This results in

σ2
mvp =

AB2

A2 − 2BB
A + C

D
=

B2

A − 2B2

A + C

D
=

AC−B2

A

D
=

1

A
□

Risk-Return Parametrization It turns out that flipping the axes on the graph of
Fig. 4a, which leads to Fig. 4b also gives an interesting result. This now plots the re-
turn we have to target once we accept a given level of risk. This is actually much closer to
practical portfolio construction. The mathematical problem that there are now two points
on the parabola above a risk σP conveniently disappears if we again delete the half of
the parabola that is not financially meaningful anyway. This parametrization is called the
risk-return parametrization and by assigning µP to volatilities σP we arrive at a graphical
representation that is most useful for practical purposes, which is why this is probably the
most common. We will use this as the standard parametrization of the risk-return space
from here on.

Of course the process of flipping the axes of the plot and deleting the lower part of the
resulting function can be described mathematically as well.
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Corollary 4.4. Let (µP , σ
▽
P ) be a point on the (financially meaningful half) of the efficient

frontier (4.5), i.e.

(σ▽
P )

2 =
Aµ2

P − 2BµP + C

D
.

Then conversely,

µP =
B

A
+

√
D

A

√
A(σ▽

P )
2 − 1. (4.7)

♢

Proof. We simply solve the quadratic equation for µP :

(σ▽
P )

2 =
Aµ2

P − 2BµP + C

D
⇐⇒ D(σ▽

P )
2

A
= µ2

P − 2
B

A
µP +

C

A

⇐⇒ µ2
P − 2

B

A
µP +

B2

A2
=

D(σ▽
P )

2 − C

A
+

B2

A2

⇐⇒
(
µP − B

A

)2

=
AD(σ▽

P )
2 −AC +B2

A2
= D

A(σ▽
P )

2 − 1

A2

We know that D ≥ 0 and A > 0. From Corollary 4.3 we also know that

(σ▽
P )

2 ≥ (σ▽
mvp)

2 =
1

A
=⇒ A(σ▽

P )
2 − 1 ≥ 0.

Hence, mathematically this quadratic equation has the two solutions

µP =
B

A
±

√
D

A

√
A(σ▽

P )
2 − 1,

and the bigger one is financially meaningful. (In case A (σ▽
P )

2−1 = 0 we are at the minimum
and we only have one solution anyway.) □

4.3. Return Maximization In (4.7) we have expressed the target returns µP as a function
of the minimized variance (σ▽

P )
2. However, we could also have approached this topic the

other way around: Given a target level of risk σP , maximize the returns. This approaching
the problem of portfolio optimization is equally if not even more legitimate from a practical
financial point of view. Therefore, we also present this alternative derivation in the following.

Theorem 4.5 (Markowitz Return Maximization). Assuming the Gaussian model r ∼ N (µ,Σ).
Then for any target variance σ2

P , the problem

maximize w 7→ w⊤µ subject to w⊤ 1 =

d∑
i=1

wi = 1 and w⊤Σw = σ2
P ,

has a unique solution

w△ = w△(σP ) =

√
Aσ2

P − 1√
D

Σ−1µ+

√
D −B

√
Aσ2

P − 1

A
√
D

Σ−1 1 . (4.8)

The returns pertaining to w△ are given by

µ△
P = µ△

P (σP ) =

√
D

A

√
Aσ2

P − 1 +
B

A
. (4.9)

♢
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Proof. We rewrite the second constraint to the equivalent condition 1
2w

⊤Σw = 1
2σ

2
P . Now,

we again apply Theorem 8.1 and obtain

µ = η1 1+η2Σw△,

for some Lagrange multiplier η = (η1, η2). If η2 = 0, then µ and 1 would be linearly
dependent contradicting Assumption 3.1, thus η2 ̸= 0 and this is equivalent to

w△ =
1

η2
Σ−1(µ− η1 1).

Plugging this into the first constraint, we obtain

1 = 1⊤ w△ =
1

η2
(B − η1A).

We can re-arrange this to

η1 =
B − η2

A
.

Plugging w△ into the second constraint gives

η22σ
2
P = η22(w△)⊤Σw△ = (µ− η1 1)

⊤Σ(µ− η1 1)

= C − 2η1B + η21A = C − 2B
B − η2

A
+
(B − η2

A

)2
A

=
AC +−2B2 + 2Bη2 +B2 − 2Bη2 + η22

A

=
ACη22 −B2

A
=

AC −B2 + η22
A

=
D + η22

A
,

thus

Aη22σ
2
P − η22 = D =⇒ η22 =

D

Aσ2
P − 1

.

Plugging these expressions of the Lagrange multipliers back in, we obtain

w△ =
1

η2
Σ−1(µ− η1 1) =

1

η2
Σ−1

(
µ− B − η2

A
1
)

=
1

η2
Σ−1

(
µ− B

A
1
)
+

1

A
Σ−1 1

=

√
Aσ2

P − 1√
D

Σ−1
(
µ− B

A
1
)
+

1

A
Σ−1 1

=

√
Aσ2

P − 1√
D

Σ−1µ+

√
D −B

√
Aσ2

P − 1

A
√
D

Σ−1 1

To obtain the maximized returns, we calculate

µ△
P = µ⊤w△ =

√
Aσ2

P − 1√
D

µ⊤Σ−1
(
µ− B

A
1
)
+

1

A
µ⊤Σ−1 1

=

√
Aσ2

P − 1√
D

(
µ⊤Σ−1µ− B

A
µ⊤Σ−1 1

)
+

1

A
µ⊤Σ−1 1

=

√
Aσ2

P − 1√
D

(
C − B2

A

)
+

B

A
=

√
Aσ2

P − 1√
D

(AC −B2

A

)
+

B

A

=

√
Aσ2

P − 1√
DA

D +
B

A
=

√
D

A

√
Aσ2

P − 1 +
B

A
. □
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Figure 5: Risk Minimization vs Return Maximization

Just like in Corollary 4.4, we can also write the efficient frontier the other way around.

Corollary 4.6. The target variance σ2
P can conversely be written as a function of the

maximal returns µ△
P via

σ2
P =

A(µ△
P )2 − 2Bµ△

P + C

D
. (4.10)

♢

Proof. We calculate

µ△
P =

√
D

A

√
Aσ2

P − 1 +
B

A
=⇒

Aµ△
P −B√
D

=
√
Aσ2

P − 1 =⇒
(Aµ△

P −B)2

D
= Aσ2

P − 1,

thus

σ2
P =

1

A

( (Aµ△
P −B)2

D
+ 1
)
=

1

A

(A2(µ△
P )2 − 2ABµ△

P +B2 +AC −B2

D

)
=

A(µ△
P )2 − 2Bµ△

P + C

D
. □

4.4. Markowitz Duality We have now derived two version of a Markowitz optimal
portfolio: One by setting target returns and minimizing the variance, one by setting target
variance and maximizing the returns. This raises the natural question if these two approaches
are equivalent. It turns out the answer to this question is: yes, even though this might not
be immediately obvious from the formulas Eqs. (4.1) and (4.8) for w▽ and w△, but maybe
more so if we take a look at efficient frontier again, see Fig. 5. That is because the former
is written as a function of the target variance where the later is written as a function of a
target return. As we will show below, these weights do agree when appropriately re-written.

And that is not a coincidence. There is a deep mathematical reason for this revealed in
convex analysis called dualization. Under broad conditions one can replace a primal prob-
lem, e.g. minimize variance given returns, by a dual problem, e.g. maximize returns given
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variance, and it turns out both have the same solution, see e.g. [2, Chapter XII]. However,
it is often the case that one problem is much easier to solve in practice than the other. In
this case though, we already solved the primal problem directly in Theorem 4.1 and it turns
out the dual problem is equally easily solved. We prove this below in Theorem 4.5 directly,
i.e. without using abstract principles from convex analysis.

Theorem 4.7 (Markowitz Duality). Let µP be the target returns for the portfolio. Let
w▽ = w▽(µP ) be the weights of the portfolio with minimal variance (σ▽

P )
2 = σ▽

P (µP )
2

pertaining to µP from Theorem 4.1. Set the target variance σ2
P := σ▽

P (µP )
2 and let w△ =

w△(σ▽
P ) be the weights of portfolio with maximal returns µ△

P = µ△
P (σ▽

P ) pertaining to
σ2
P = (σ▽

P )
2 from Theorem 4.5. Then

w△(σ▽
P ) = w▽(µ

△
P ), µP = µ△

P (σ▽
P ).

Conversely, let σP be a target variance and let w△ = w△(σP ) be the weights of the portfolio
with maximal returns µ△

P = µ△
P (σP ) pertaining to σP from Theorem 4.5. Set the target

returns to µP := µ△
P and let w▽ = w▽(µ

△
P ) be the weights of the portfolio with minimal

variance (σ▽
P )

2 = σ▽
P (µ

△
P ) pertaining to µP := µ△

P Theorem 4.1. Then

w▽(µ
△
P ) = w△(σP ) σP = σ▽

P (µ
△
P ). ♢

Proof. Note that from the first statement we have already shown that µP = µ△
P by (4.7).

From the second claim we have already shown σP = σ▽
P by (4.10). It remains to show the

claim on the portfolio weights. This can be shown in two ways: It follows indirectly from
Theorems 4.1 and 4.5 because the weights of the optimal portfolio are unique.
Alternatively, one can also show this via direct computation: Notice that by (4.7)

µ△
P =

√
D

A

√
A(σ▽

P )
2 − 1 +

B

A
⇐⇒

√
A(σ▽

P )
2 − 1 =

Aµ△
P −B√
D

(4.11)

Plugging this into (4.8), we obtain

w△(σ▽
P )

(4.8)
=

√
A(σ▽

P )
2 − 1

√
D

Σ−1µ+
B
√
A(σ▽

P )
2 − 1−

√
D

A
√
D

Σ−1 1

=

Aµ△
P −B√
D

A
√
D

Σ−1µ+
B

Aµ△
P −B√
D

−
√
D

A
√
D

Σ−1 1

=

Aµ△
P −B√
D

A
√
D

Σ−1µ+
(ABµ△

P −B2

AD
− 1

A

)
Σ−1 1

=

Aµ△
P −B√
D

A
√
D

Σ−1µ+
ABµ△

P −B2 −D

AD
Σ−1 1

=

Aµ△
P −B√
D

A
√
D

Σ−1µ+
ABµ△

P −AC

AD
Σ−1 1

(4.1)
= w▽(µ

△
P ).

Conversely, notice that since

√
D −B

√
A(σ▽

P )
2 − 1

A
√
D

(4.11)
=

√
D −B

Aµ△
P −B√
D

A
√
D

=
1

A
− B

A

Aµ△
P −B

D

=
D −ABµ△

P +B2

AD
=

AC −ABµ△
P

AD
=

C −Bµ△
P

D
,

(4.12)
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we obtain

w▽(µ
△
P )

(4.1)
=

C −Bµ△
P

D
Σ−1 1+

Aµ△
P −B

D
Σ−1µ

(4.11)
=

√
A(σ▽

P )
2 − 1

√
D

Σ−1µ+
C −Bµ△

P

D
Σ−1 1

(4.12)
=

√
Aσ2

P − 1√
D

Σ−1µ+

√
D −B

√
Aσ2

P − 1

A
√
D

Σ−1 1 (4.8)=w△(σ▽
P ). □

4.5. Two Mutual Fund Theorem Recall from (4.1) that the portfolio weights w▽ of the
variance minimal portfolio are given by

w▽ =
C −BµP

D
Σ−1 1+

AµP −B

D
Σ−1µ,

i.e. they are a linear combination of just two vectors Σ−1 1 and Σ−1µ both multiplied by
scalars, which are affine linear functions of the target returns µP . This mathematical fact
can be exploited to show the practically interesting financial fact that once we have found
two distinct efficient portfolios on the frontier and know their optimal weights, we can obtain
any other point on the efficient frontier, by just linearly combining the weights, see Fig. 6.

Theorem 4.8 (Two Mutual Fund Theorem). Let w(1)
▽ and w

(2)
▽ be the optimal weights per-

taining to two variance-minimal portfolios on the efficient frontier with target returns µ
(1)
P

and µ
(2)
P . Let µ

(3)
P be any other target return. Then the optimal weights w

(3)
▽ of the third

portfolio are a linear combination of the first two:

w
(3)
▽ =

µ
(3)
P − µ

(2)
P

µ
(1)
P − µ

(2)
P

w
(1)
▽ +

µ
(1)
P − µ

(3)
P

µ
(1)
P − µ

(2)
P

w
(2)
▽ . (4.13)

♢

18



0% 10% 20% 30% 40% 50%
standard deviation

10%

0%

10%

20%

30%

40%

50%

ex
pe

ct
ed

 re
tu

rn
s

assets
efficient frontier
CAL
tangency
risk free

Figure 7: Capital Allocation Line (CAL) and Efficient Frontier

Proof. We write the weights of the first optimal portfolio as

w
(1)
▽ =

C −Bµ
(1)
P

D
Σ−1 1+

Aµ
(1)
P −B

D
Σ−1µ

=
C

D
Σ−1 1−µ

(1)
P

B

D
Σ−1 1+µ

(1)
P

A

D
Σ−1µ− B

D
Σ−1µ

= µ
(1)
P

(A
D
Σ−1µ− B

D
Σ−1 1

)
︸ ︷︷ ︸

=:u

+
C

D
Σ−1 1−B

D
Σ−1µ︸ ︷︷ ︸

=:v

= µ
(1)
P u+ v

where u, v ∈ Rd are vectors, which do not depend on µ
(1)
P . With the same argument

w
(2)
▽ = µ

(2)
P u+ v w

(3)
▽ = µ

(3)
P u+ v.

Therefore,

µ
(3)
P − µ

(2)
P

µ
(1)
P − µ

(2)
P

w
(1)
▽ +

µ
(1)
P − µ

(3)
P

µ
(1)
P − µ

(2)
P

w
(2)
▽ =

µ
(3)
P − µ

(2)
P

µ
(1)
P − µ

(2)
P

(µ
(1)
P u+ v) +

µ
(1)
P − µ

(3)
P

µ
(1)
P − µ

(2)
P

(µ
(2)
P u+ v)

=
(µ(3)

P − µ
(2)
P

µ
(1)
P − µ

(2)
P

µ
(1)
P +

µ
(1)
P − µ

(3)
P

µ
(1)
P − µ

(2)
P

µ
(2)
P

)
u+

(µ(3)
P − µ

(2)
P

µ
(1)
P − µ

(2)
P

+
µ
(1)
P − µ

(3)
P

µ
(1)
P − µ

(2)
P

)
v

=
(µ(3)

P µ
(1)
P − µ

(2)
P µ

(1)
P + µ

(1)
P µ

(2)
P − µ

(3)
P µ

(2)
P

µ
(1)
P − µ

(2)
P

)
u+

(µ(3)
P − µ

(2)
P + µ

(1)
P − µ

(3)
P

µ
(1)
P − µ

(2)
P

)
v

= µ
(3)
P u+ v = w

(3)
▽ . □

5. Capital Allocation Line (CAL)

In a market where the returns r of the risky assets are Gaussian, r ∼ N (µ,Σ), we have
established the optimal portfolio given any target level of risk (or return). What more do
we need?

Our derivation of the efficient frontier in (4.5) rests on the assumption that the covariance
matrix Σ is positive-definite. While this might sound like a rather technical detail, this has
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a very concrete consequence: we are assuming that the all assets are risky. This means that
when investing into this asset universe, Corollary 4.3 establishes a globally minimal amount
of risk one has to be willing to take to make that investment.

This is problematic in two ways. First, if an investor is not comfortable with the risk in
the minimum variance portfolio, then according to the theory established to far, one would
have to walk away from that asset universe. This significantly limits the applicability of this
theory. Second, the assumption that there is no risk-free asset is often deemed unrealistic.5

Irrespective of whether or not we think truly risk-free assets exist, it would be highly desirable
to be able to include a risk-free asset into our theory. From a theoretical point of view, one
should remark that many other landmark theories in financial mathematics, for example
Black-Scholes option pricing, do assume the existence of a risk-free asset. From a practical
point of view, risky vs. risk-free is often seen as the difference between saving and investing.
Many investors consider it unrealistic that a market has no risk-free asset due to the existence
of e.g. bank account deposits.

Integrating a risk-free asset into the theory established so far is unfortunately not straight-
forward. By definition, a risk-free asset has zero volatility and this also means it has zero
correlation with all the other assets. Thus, if only one of our d assets is risk-free, the result-
ing covariance matrix Σ ∈ Rd×d is no longer positive definite. While this violation of the
assumptions of our theorems so far sounds like a technical detail, the consequence is that
the inverse Σ−1 no longer exists. Given this expression appears in all the key equations, e.g.
Eqs. (4.1), (4.2), (4.8) and (4.9), none of these expressions can be calculated anymore.

Even more importantly, the conclusions of these theorems, in particular (4.3), which states
that the efficient frontier is a parabola, are all wrong. It turns out that introducing a risk-
free asset changes the shape of the efficient frontier of the universe of d + 1 assets, i.e. d

risky assets and one risk-free asset, from a parabola to a straight line, which is called Capital
Allocation Line (CAL), see Fig. 7. In the following we derive this result and then explore
the relationship between the efficient frontier of risky assets and the CAL. We will prove
that they intersect tangentially in precisely one point. This tangency portfolio represents the
entire market of risky assets and can be used to design portfolios with arbitrary risk-return
profiles. While the intercept of the CAL is just the risk-free rate, its slope is called Sharpe
ratio. It turns out that Sharpe ratios provide an alternative way to derive these results and
are a very useful concept in general.

5.1. One Fund Theorem (Risk Minimization) In this section we prove that in presence
of a risk-free asset, the efficient frontier takes the shape of a line.

Theorem 5.1 (One Fund Theorem, Risk Minimization). Assume that the returns of d risky
assets are Gaussian, r ∼ N (µ,Σ), and that in addition there exists one risk-free asset with
expected return µf and zero variance. For any given target return µ̄P , the problem

minimize w 7→ 1

2
w⊤Σw subject to

d∑
i=1

wi + wf = 1 and
d∑

i=1

wiµi + wfµf = µ̄P ,

5At least in during Markowitz’ times. Since the Great Financial Crisis in 07/08, working under the
assumption that risk-free assets or risk-free rates do not exist in reality, has gained some more traction
again.
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has a unique solution

w▼ = w▼(µ̄P ) =
µ̄P − µf

S2
Σ−1µe, (5.1)

where

µe := µ− µf 1, S2 := µ⊤
e Σ

−1µe (5.2)

The resulting minimal variance is given by

(σ▼
P )

2 = σ▼
P (µ̄P )

2 =
(µ̄P − µf )

2

S2
. (5.3)

♢

Proof. Notice that while the problem is formulated in terms of d + 1 weights, i.e. the
d weights w of the risky assets and the one weight wf for the risk-free asset. This first
constraint can compactly be re-written as

wf = 1− 1⊤ w

and plugged into the second we obtain

µ̄P = µ⊤w + (1− 1⊤ w)µf = µf + w⊤(µ− µf 1) = µf + w⊤µe.

Thus, we can still treat this as a d-dimensional optimization problem, drop first constraint
and replace the second one with the above equation. The resulting Euler Lagrange equation
from Theorem 8.1 gives

Σw▼ = λµe =⇒ w▼ = λΣ−1µe.

We obtain

µ̄P − µf = w⊤
▼µe = λµ⊤

e Σ
−1µe = λS2

and therefore

λ =
µ̄P − µf

S2
.

This implies

(σ▼
P )

2 = w⊤
▼Σw▼ = λ2µ⊤

e Σ
−1µe =

(µ̄P − µf )
2

S4
S2 =

(µ̄P − µf )
2

S2
. □

This theorem shows us that the means by which we can now achieve arbitrary low risk is
the factor µ̄P − µf , which is called excess returns. Technically, this terminology only makes
sense when µ̄P > µf . On the other hand, financially it doesn’t make any sense to target a
return that is less or equal than the risk-free rate using risky assets.

We can now easily derive the efficient frontier of the asset universe that includes the risk-free
asset.

Corollary 5.2. The target returns can be written as a function of the minimal variance by

µ̄P = µf + σ▼
PS. (5.4)

This function is called the Capital Allocation Line (CAL). ♢
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Proof. We calculate

µ̄P = µf + w⊤
▼µe = µf + (µ̄P − µf )

µ⊤
e Σ

−1µe

µ⊤
e Σ

−1µe

= µf +
µ̄P − µf

S

S2

S
= µf + σ▼

PS □

5.2. One Fund Theorem (Return Maximization) Just like for the risky assets, one
can derive the CAL either by minimizing variance given the target returns or by maximizing
returns given the target variance. We have already given the former and even this is a bit
redundant, we also give the later derivation here.

Theorem 5.3 (One Fund Theorem, Risk Minimization). Assume that the returns of d risky
assets are Gaussian, r ∼ N (µ,Σ), and that in addition there exists one risk-free asset with
expected return µf and zero variance. For any given target variance σ̄2

P , the problem

maximize (w,wf ) 7→
d∑

i=1

wiµi + wfµf subject to
d∑

i=1

wi + wf = 1 and w⊤Σw = σ2
P

has a unique solution

w▲ = w▲(σ̄P ) =
σP

S
Σ−1µe. (5.5)

The resulting maximal return is given by

µ▲
P = µ▲

P (σP ) = σPS + µf . (5.6)
♢

Proof. We again use the first constraint to write

wf = 1− 1⊤ w.

Plugging this in, we have to maximize

w 7→ µ⊤w + (1− 1⊤ w)µf = µ⊤
e w + µf .

Invoking Theorem 8.1 on this function and the equivalent second constraint 1
2w

⊤Σw = 1
2σ

2
P

(dropping the first constraint) we obtain

µe = λΣw▲.

Again, if λ = 0, we had µe = 0 and µ and 1 were linearly dependent contradicting the
assumptions Assumption 3.1. Thus, λ ̸= 0 and we obtain

w▲ =
1

λ
Σ−1µe.

Plugging this into the constraint yields

σ2
P = w⊤

▲Σw▲ =
1

λ2
µ⊤
e Σ

−1µe =
S2

λ2
=⇒ λ =

S

σP
.

Consequently,

w▲ =
σP

S
Σ−1µe

This implies

µ▲
P =

σP

S
µ⊤
e Σ

−1µe + µf = σPS + µf . □
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Remark 5.4. Just like in the risky case, these two derivations are equivalent. We can
directly see from Eqs. (5.3) and (5.6) that these are consistent. Analogous to Theorem 4.7,
we again also have for any target returns µ̄P

w▲(σ
▼
P (µ̄P ))

(5.5)
=

σ▼
P

S
Σ−1µe =

µ̄P−µf

S

S
Σ−1µe =

µ̄P − µf

S2
Σ−1µe

(5.1)
= w▼(µ̄P )

and for any target variance σ̄P

w▼(µ
▲
P (σ̄P ))

(5.1)
=

µ▲
P (σ̄P )− µf

S2
Σ−1µe =

σ̄PS

S2
Σ−1µe =

σ̄P

S
Σ−1µe

(5.5)
= w▲(σ̄P ). ♢

5.3. Tangency Portfolio In the example Fig. 7, we can see that in presence of a risk-free
asset the resulting CAL touches the efficient frontier tangentially in precisely one point.
This is not a coincidence, which we prove in the following.

Theorem 5.5 (Tangency Portfolio). Assume that the returns of d risky assets are Gaus-
sian, r ∼ N (µ,Σ), and that in addition there is one risk-free asset with expected return
µf ≤ µmvp, c.f.(4.6). Then the efficient frontier

σP 7→ µP (σP ) =

√
D

A

√
Aσ2

P − 1 +
B

A

of the risky assets, c.f. (4.7), intersects the CAL, c.f. (5.4),

σP 7→ µ̄P (σP ) = µf + σPS

tangentially in precisely one point (µT , σT ). This point is given by

σT =

√
µ⊤
e Σ

−1µe

1⊤ Σ−1µe

, µT =
µ⊤Σ−1µe

1⊤ Σ−1µe

. (5.7)

The portfolio underlying this point is called the tangency portfolio and its asset weights
satisfy

wT =
Σ−1µe

1⊤ Σ−1µe

, wT,f = 0, (5.8)

i.e. it is composed of risky assets only. ♢

Proof. The overall strategy is to show that the slopes of both equations, i.e. the CAL and
the efficient frontier are equal in only one point and then we show that both functions have
the same value there. To ease calculations, we first establish some algebraic relations.

Step 1: When we derived the efficient frontier of the risky assets, we have introduced the
quantities A,B,C,D in (4.2), which are convenient to work with on the parabola. For the
efficient frontier in presence of a risk-free asset, we have introduced the quantities µe and S

in (5.2) as these are convenient when working with that line. It is helpful to establish some
relations between these quantities. First of all, notice that

S2 = µ⊤
e Σ

−1µe = (µ− µf 1)
⊤Σ−1(µ− µf 1)

= µ⊤Σ−1µ− 2µfµ
⊤Σ−1 1+µ2

f 1
⊤ Σ−1 1

= C − 2µfB + µ2
fA
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and therefore

(B −Aµf )
2 +D = B2 − 2ABµf + µ2

fA
2 + (AC −B2)

= AC − 2ABµf +A2µ2
f = AS2.

(5.9)

By hypothesis we have

µf ≤ µmvp =⇒ B −Aµf ≥ B −Aµmvp
(4.6)
= B −A

B

A
= 0

and therefore

B −Aµf =
√
AS2 −D.

Furthermore, we calculate

1⊤ Σ−1µe = 1⊤ Σ−1(µ− µf 1) = 1⊤ Σ−1µ− µf 1
⊤ Σ−1 1 = B − µfA.

Combining these equations, we obtain

1⊤ Σ−1µe = B − µfA =
√
AS2 −D. (5.10)

We also calculate

µ⊤Σ−1µe = µ⊤Σ−1(µ− µf 1) = µ⊤Σ−1µ− µfµ
⊤Σ−1 1 = C − µfB. (5.11)

Step 2 (Equate Slopes): We first show that both functions have the same slope in precisely
one point: The slope of the CAL is clearly

∂µ̄P

∂σP
= S.

The slope of the parabola is

∂µP

∂σP
=

√
D

A

2AσP

2
√

Aσ2
P − 1

=

√
DσP√

Aσ2
P − 1

.

These are equal precisely when

S =

√
DσP√

Aσ2
P − 1

⇐⇒S2 =
Dσ2

P

Aσ2
P − 1

⇐⇒ Dσ2
P = S2(Aσ2

P − 1) = AS2σ2
P − S2

⇐⇒S2 = (AS2 −D)σ2
P ⇐⇒ σ2

P =
S2

AS2 −D
=: σ2

T .

Step 3 (Plug into functions): The corresponding return on the risky frontier (i.e. the parabola)
is

µT :=

√
D

A

√
A

S2

AS2 −D
− 1 +

B

A
=

√
D

A

√
AS2 −AS2 +D

AS2 −D
+

B

A

=
D

A
√
AS2 −D

+
B

A
=

D +B
√
AS2 −D

A
√
AS2 −D

.

The corresponding return on the CAL (i.e. the line) is

µ̄T := µf + σTS = µf + S

√
S2

AS2 −D
=

Aµf

√
AS2 −D +AS2

A
√
AS2 −D
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Step 4: To see that these points are equal, we first need to reformulate these quantities a
bit using our preparations. We re-write the first via

µT =
D +B

√
AS2 −D

A
√
AS2 −D

(5.10)
=

D +B(B −Aµf )

A
√
AS2 −D

=
D +B2 −ABµf

A
√
AS2 −D

=
C −Bµf√
AS2 −D

.

We re-write the second as well via

µ̄T
(5.10)
=

Aµf (B −Aµf ) +AS2

A
√
AS2 −D

(5.9)
=

Aµf (B −Aµf ) + (B −Aµf )
2 +D

A
√
AS2 −D

=
ABµf −A2µ2

f +B2 − 2ABµf +A2µ2
f +AC −B2

A
√
AS2 −D

=
C −Bµf√
AS2 −D

= µT

Thus, we have proven that the CAL intersect the efficient frontier of the risky assets tan-
gentially in one and only one point.
Step 5: We can write the resulting quantities a bit nicer by calculating further

µT =
C −Bµf√
AS2 −D

(5.10)
=

C −Bµf

1⊤ Σ−1µe

(5.11)
=

µ⊤Σ−1µe

1⊤ Σ−1µe

.

The volatility can also be expressed via

σT =
S√

AS2 −D
=

√
µ⊤
e Σ

−1µe

1⊤ Σ−1µe

.

Step 6: To see the claim about the weights we use (5.1) to obtain

wT = (µ̄T − µf )
Σ−1µe

µ⊤
e Σ

−1µe
=
( µ⊤Σ−1µe

1⊤ Σ−1µe

− µf

) Σ−1µe

µ⊤
e Σ

−1µe

=
µ⊤Σ−1µe − µf 1

⊤ Σ−1µe

1⊤ Σ−1µe

Σ−1µe

µ⊤
e Σ

−1µe
=

µ⊤ − µf 1
⊤

1⊤ Σ−1µe

Σ−1µe
Σ−1µe

µ⊤
e Σ

−1µe

=
µ⊤
e

1⊤ Σ−1µe

Σ−1µe
Σ−1µe

µ⊤
e Σ

−1µe
=

µ⊤
e Σ

−1µe

1⊤ Σ−1µe

Σ−1µe

µ⊤
e Σ

−1µe

=
Σ−1µe

1⊤ Σ−1µe

Since clearly,

1⊤ wT =
1

1⊤ Σ−1µe

1⊤ Σ−1µe = 1,

these weights already sum to 1, thus no fraction is in the risk-free part, i.e. wT,f = 0. □

5.4. Sharpe Ratio The slope S of the CAL has an alternative expression other than (5.2)
and a famous name.

Lemma 5.6. The quantity S satisfies

S =
µT − µf

σT
(5.12)

and is also called the Sharpe Ratio of the tangency portfolio. ♢
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Proof. We calculate

µT − µf

σT
=

µ⊤Σ−1µe

1⊤ Σ−1µe
− µf

√
µ⊤
e Σ−1µe

1⊤ Σ−1µe

=
1⊤ Σ−1µe√
µ⊤
e Σ

−1µe

µ⊤Σ−1µe − µf 1
⊤ Σ−1µe

1⊤ Σ−1µe

=
µ⊤Σ−1µe − µf 1

⊤ Σ−1µe√
µ⊤
e Σ

−1µe

=
µ⊤
e Σ

−1µe√
µ⊤
e Σ

−1µe

= S. □

The Sharpe ratio is a very interesting quantity. It represents the excess returns per unit
of risk taken. Many investors find it natural to maximize this quantity as it provides an
aggregate view of jointly maximizing excess return (nominator) and minimizing risk (de-
nominator).

5.5. Two Fund Separation Theorem Theorem 5.5 is a remarkable result. It shows
that the CAL has two distinct points that define it: The point (0, µf ), where everything
is invested in the risk-free asset, and (σT , µT ) where everything is invested in risky assets.
Recall from Theorem 4.8 that even without the risk-free asset, it is possible to produce any
point on the efficient frontier of the risky assets from just two distinct points on it. But
with the risky assets only, there are no two distinct points on the efficient frontier to use.
With the risk-free asset though, we can now produce any point on the CAL by using just
these two canonical portfolios behind these two distinct points. This is called the two fund
separation theorem.

Theorem 5.7 (two fund separation theorem). For any target volatility σP , the portfolio
that achieves optimal returns µ̄P (σP ), i.e. such that (σP , µ̄P )) lie on the CAL can be
constructed by purchasing the amounts

wf (σP ) :=
σT − σP

σT
, wT (σP ) :=

σP

σT
(5.13)

of the risk-free asset, respectively, of the tangency portfolio. ♢

Proof. We simply use the CAL formula (5.4), plug in (5.12) and rearrange to

µ̄P (σP ) = µf + σPS = µf + σP
µT − µf

σT

= µf + σP
µT

σT
− σP

µf

σT
=

σT − σP

σT
µf +

σP

σT
µT . □

5.6. Sharpe Ratio Maximization Sharpe ratios can be calculated of any asset or port-
folio, not just the tangency portfolio. A practical approach to portfolio management can be
to maximize the Sharpe ratio. It turns out that this approach paves an alternative way to
introduce the tangency portfolio.

Definition 5.8. Let µ̄P be the returns of a portfolio P with weight wf ∈ R in the risk-free
asset and weights w ∈ Rd in the assets. Let σP be the volatility of the resulting portfolio.
Then

SP := S(wf , w) :=
µ̄P − µf

σP

is called the Sharpe ratio of P . ♢

26



Because the weights have to sum to one, there is an easier representation of this quantity.

Lemma 5.9 (representation of the Sharpe ratio). The Sharpe ratio SP of any portfolio P

can be written as a function of the weights w ∈ Rd of the risky assets as

SP = S(w) =
µ⊤
e w√

w⊤Σw
. (5.14)

♢

Proof. Recall that for any choice of weight wf ∈ R for the risk-free asset and any choice of
weights w ∈ Rd for the risky assets, the return on the portfolio as a function of the weights
is given by

µ̄P = µP (wf , w) = wfµf + µ⊤w,

but this is subject to the constraint

1 = wf + 1⊤ w =⇒ wf = 1− 1⊤ w.

Consequently, we can also write the portfolio returns as a function of the risky weights only
as

µP = µP (w) = (1− 1⊤ w)µf + µ⊤w = (µ− µf 1)
⊤︸ ︷︷ ︸

=µe

w + µf .

Because the risk-free weight has zero variance, we can write the Sharpe ratio S of the
portfolio as a function of the risky weights w only as

S(w) =
µ⊤
e w√

w⊤Σw
. □

Theorem 5.10. Let r ∼ N (µ,Σ) and µf be a risk-free rate. All solutions that solve the
unconstrained optimization problem

maximize w 7→ S(w) :=
w⊤µe√
w⊤Σw

,

are given by

{κwT | κ ∈ R},

where wT is the tangency portfolio. The volatilities and returns of the portfolios correspond-
ing to these risky assets are exactly the CAL. ♢

Proof. Notice that the Sharpe ratio function (5.14) is invariant under scalar multiplication,
i.e. for any κ ∈ R and any w ∈ Rd,

S(κw) = S(w).

Thus if we can find one maximum, we just have to scale it to find all. We therefore can
equivalently solve the constrained problem

maximize w 7→ µ⊤
e w subject to w⊤Σw = 1.
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Again by Theorem 8.1, the optimal value w⋄ satisfies

µ⊤
e = λ

1

2
w⊤

⋄ Σ.

Notice that if λ = 0, this implies µe = 0 and hence µ and 1 were linearly dependent, which
contradicts our assumptions Assumption 3.1, hence we obtain λ ̸= 0. This implies

µe =
λ

2
Σw⋄ =⇒ 2

λ
Σ−1µe = w⋄.

Plugging this into the constraint gives

1 = w⊤
⋄ Σw⋄ =

4

λ2
µ⊤
e Σ

−1µe =⇒ λ = 2
√
µ⊤
e Σ

−1µe.

Thus, this optimal weight satisfies6

w⋄ =
2

2
√
µ⊤
e Σ

−1µe

Σ−1µe =
Σ−1µe√
µ⊤
e Σ

−1µe

(5.8)
=

√
µ⊤
e Σ

−1µe

1⊤ Σ−1µe

wT ,

i.e. it is a constant multiple of the tangency portfolio wT . Therefore, this parametrizes the
CAL by (5.13). □

6. Capital Asset Pricing Model (CAPM)

The Capital Asset Pricing Model is an idea going back to [5], which answers a seemingly
simple question: how do the returns of an asset relate to the returns of a market? It turns
out that if we accept Assumption 3.1 of the Gaussian model and its implications, then the
answer is very simple: In presence of a risk-free asset, the excess returns Xi := ri − µf

of every asset i are a constant multiple βi ∈ R of the excess returns Xm := rm − µf of
the market plus some non-systematic noise εi that is uncorrelated with the market. In
particular, every assets expected long term return above the market is αi = 0.

In theory, the implications of this insight are that this model confirms the passive approach
to investing. After all, if no asset yields an advantage what point is there in putting effort
into security selection? One should simply buy one diversified market portfolio and wait.

In practice it is not that simple. Even in theory the conclusions of that model only strictly
hold for choosing the tangency portfolio to represent the market, which in practice is often
not the case. The conclusions rely on the Assumption 3.1 and it is known that in practice
markets do not exactly follow a Gaussian distribution. For that reason another pragmatic
use of the CAPM is to use it to derive benchmarks for active asset management.

6.1. Assets and Portfolios In order to be able to apply the CAPM to that wider use
case, we we need a slightly more general version of it, which we derive now.

The following is an application of a stochastic version of the following simple geometric fact:
Every vector Xi is a multiple βi of every other vector XP plus some residual εi that is
orthogonal to XP .

6Notice that since the volatility at that point is 1 by construction, this gives a Sharpe ratio of

S(w⋄) = µ⊤
e w⋄ =

µ⊤
e Σ−1µe√
µ⊤
e Σ−1µe

=
√

µ⊤
e Σ−1µe

(5.2)
= S.
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Lemma 6.1. Let r ∼ N (µ,Σ) be the return vector of d risky assets, µf be a risk-free return
and rP := w⊤

P r be the return of any portfolio with weights wP ∈ Rd. Then the excess returns
XP := rP − µf of the portfolio and the excess returns Xi := ri − µf of any asset satisfy

Xi = βiXP +Ai, Ai = αi + εi, (6.1)

for some random variables Ai, εi and αi ∈ R. These satisfy

Cov[XP , Ai] = Cov[XP , εi] = 0, E[εi] = 0, (6.2)

and

βi =
Cov[Xi, XP ]

V[XP ]
, αi = E[Ai] = µi − µf − βi(µP − µf ). (6.3)

In particular, their conditional expectation is given by

E[Xi | XP ] = αi + βiXP . (6.4)
♢

Proof. Consider the Hilbert space of L2 random variables and define the 2-dimensional
linear subspace U := span(1, XP ). By definition this means, there exist unique αi, βi ∈ R
and εi ∈ L2 such that

Xi = (αi + βiXP ) + εi ∈ U ⊕ V,

where V is the orthogonal complement to U . In particular, setting Ai := αi+εi, this proves
(6.1). By definition of orthogonality, we obtain

0 = ⟨εi, 1⟩L2 = E[εi],

0 = ⟨εi, XP ⟩L2 = E[εiXP ],

thus

Cov[εi, XP ] = E[εiXP ]− E[εi]E[XP ] = 0,

=⇒ Cov[XP , Ai] = Cov[XP , εi] = 0,

since αi is a constant. This shows (6.2) and implies

Cov[Xi, XP ] = βi V[XP ],

as well as

αi = E[Ai] = E[Xi]− βi E[XP ] = µi − µf − βi(µP − µf ).

hence we have shown (6.4). To see the claim on conditional expectations, recall that since
the d-vector of assets r is Gaussian, the variable (Xi, XP ) is jointly Gaussian as well. Hence,
the conditional expectation is given by7

E[Xi | XP ] = E[Xi] +
Cov[Xi, XP ]

V[XP ]
(XP − E[XP ])

= µi − µf + βi(XP − (µP − µf ))

= µi − µf − βi(µP − µf ) + βiXP

= αi + βiXP □

7recall e.g. https://en.wikipedia.org/wiki/Multivariate_normal_distribution#Conditional_
distributions
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6.2. CAPM Formulations Armed with Lemma 6.1 we can now prove that if we choose
the tangency portfolio as the portfolio P , we obtain the equation that made the CAPM
famous.

Theorem 6.2. Let r ∼ N (µ,Σ) be the d-dimensional random variable of the risky asset
returns and rT := w⊤

T r be the returns of the tangency portfolio. Then the relationship
between the excess returns of asset i and the excess returns of the tangency portfolio are
given by

µi − µf = βi(µT − µf ), βi :=
Cov[ri, rT ]

V[rT ]
. (6.5)

In particular,

αi = E[Ai] = 0. (6.6)
♢

Proof. The covariance matrix between the return vector r and the portfolio returns rT is
given by

Cov[r, rT ] = Cov[r, r]wT = ΣwT .

Using (5.1) for µ̄P = µT we obtain

wT =
µT − µf

S2
Σ−1µe ⇐⇒ µe =

S2

µT − µf
ΣwT =

S2

µT − µf
Cov[r, rT ]

Plugging the definition of µe we obtain

µ− µf 1 = Cov[r, rT ]
S2

µT − µf
= Cov[r, rT ]

S2

(µT − µf )2
(µT − µf )

(5.3)
=

Cov[r, rT ]

σ2
T

(µT − µf ) =
Cov[r, rT ]

V[rT ]
(µT − µf ).

Evaluating this equation of vectors for any component i gives the result. □

Remark 6.3 (market vs tangency portfolio). In practice, the CAPM is often formulated
using the term market portfolio rm instead of tagency portfolio rT . Even though strictly the
results only hold for the tangency portfolio, some may find it useful to think about returns
in this way. ♢

Remark 6.4 (CAPM formulations). There are three slightly different formulations of the
CAPM depending on whether we are interested in returns, conditional expectations or ex-
pectations. We use the notation rm for the market portfolio here.

(i) Asset Return Generation Model

ri = µf + βi(rm − µf ) + εi (6.7)

This is an equality of random variables obtained from Eqs. (6.1) and (6.6), where

• ri are the returns of the asset

• rm are the returns of the market portfolio
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• µf is the risk-free rate,

• βi =
Cov[rm,ri]

V[ri] = σiρim

σm
∈ R is the beta

• σ2
i := V[ri] = β2

i σ
2
m + σ2

ϵi is the total variance of the asset

• σ2
m := V[rm] is the variance of the market

• εi is the error term, Cov[εi, rm] = 0, E[εi] = 0.

• σ2
ϵi := V[εi] = σ2

i − β2
i σ

2
m is the non-systematic variance

• β2
i σ

2
m is the systematic variance of the asset

• σi is the total risk, βiσm the systematic risk and σε the non-systematic risk of
the asset.

(ii) Conditionally expected asset returns given market returns:

E[ri | rm] = µf + βi(rm − µf ) (6.8)

This is an equality of random variables obtained from Eqs. (6.4) and (6.6), where

• E[ri | rm] are the conditionally expected asset returns ri given the market returns
rm.

(iii) Expected asset returns:

µi = E[ri] = µf + βi(µm − µf ) (6.9)

This is an equality of numbers obtained from (6.5), where

• µi = E[ri] are the expected returns of asset i

• µm = E[rm] are the expected returns of the market portfolio ♢

6.3. The Beta & (Non)systematic Risk The quantities βi and σεi from (6.7) have a
very concrete interpretation. It means that the exccess returns of an asset are driven by
only two sources:

(i) Systematic risk: The asset moves because the market moves (precisely by βi(rm −
µf ). Financially, this is driven by macro-economic effects and is not diversifiable.

(ii) Nonsystematic Risk: This is the move due to εi. This risk is idiosyncratic and
hence diversifiable.

The beta is a factor that translates how the market moves affect the asset moves. Depending
on its size and sign, it has very different effects, see also Fig. 8:

• β > 1: The asset moves in the same direction as the market, but stronger.

• 0 < β ≤ 1: The asset moves in the same direction as the market, but weaker.

• β = 0: The asset has no systematic risk at all.

• −1 < β < 0: The asset moves in the opposite direction as the market, but with smaller
magnitude.

• β < −1: The asset moves in the opposite direction as the market but with larger
magnitude.
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Figure 8: Effect of Beta

6.4. CAPM and Simple Regression One should remark that when we write down (6.1)
again

Xi = αi + βiXm + εi (6.10)

this equation bears close resemblance to Simple Linear Regression. In linear regression
we assume that there is a pair of real-valued random variables (X,Y ) and that these are
theoretically related by

Y = f(X) + ε,

where ε satisfies E[ε | X] = 0 and f : R → R is a function. Notice that this automatically
implies E[Y | X] = f(X), i.e. f is the conditional expectation function. In practice, we are
often given iid (xj , yj), j = 1, . . . , N , of (X,Y ), and hence condition this on X = xj and
obtain

Yj := f(xj) + εj ,

where εj := ε | X = xj . In addition, one often makes the assumption that these residuals
are Gaussian with constant variance, i.e. εj ∼ N (0, σ2). Such a regression is called simple8,
if we assume in addition that the relationship is linear, i.e.

f(x) = βx+ α,

where α is called intercept and β is called slope. Notice that in this case (6.10) is precisely
an example of the simple linear regression setup where Y = Xi and X = Xm.

Geometrically, the linear regression problem amounts to fitting a line to a cloud of points,
see Fig. 9. In order to make precise what we mean by fit, one usually demands that the
fitted line minimizes the squared error, i.e.

J(α, β) :=

N∑
i=j

(f(xj)− yj)
2.

8see e.g. https://en.wikipedia.org/wiki/Simple_linear_regression
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Figure 9: CAPM and Linear Regression

One can show that the resulting coefficients (β̂, α̂) that minimize this error are precisely
given by

β̂ =
Ĉov[x̂, ŷ]√

V̂ar[x̂]

=

∑N
j=1 (xj − x̄j)(yj − ȳj)∑N

i=1 (xj − x̄)2
, α̂ = ȳ − β̂x̄,

where

x̄ :=
1

N

N∑
j=1

xj , ȳ :=
1

N

N∑
j=1

yj

are the estimated empirical means of X and Y and

Ĉov[x̂, ŷ] :=
1

N

N∑
j=1

(xj − x̄)(yj − ȳ), V̂ar[x̂] :=
1

N

N∑
j=1

(xj − x̄)2

are the empirically estimated covariance between X and Y and the empirically estimated
variance of X. Or in other words, this is exactly the empirical version of the theoretical
result (6.4) for alpha and beta. For that reason, practitioners sometimes like to use the
linear regression setup to estimate these quantities as linear regression has a rich statistical
framework that allows for goodness of fit assessments and analysis.

6.5. Abnormal Returns The term Ai = αi + εi from (6.1) is called abnormal return.
This is a random variable to the sum of the constant αi and the εi. The reason for that
name is the following: Given a risk free rate µf , the βi of an asset, we can work out the
returns we expect on that asset i on any given day and given the rm of the market under
CAPM assumptions using (6.8):

E[ri | rm] = µf + βiXm = µf + βi(rm − µf )

This result will in general deviate from the returns ri we actually observe on that day and
the difference is precisely

ri − E[ri | rm] = ri − µf − βiXm = Xi − βiXm = αi + εi = Ai.
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Unfortunately, the terminology in the literature is not entirely coherent. Sometimes the Ai

is also called the (realized) αi.

6.6. The Alpha & Performance Measurement Assume that P is a portfolio of assets
with weights w. Then the excess returns of the portfolio satisfy

rP − µf =

d∑
i=1

wiri − µf

d∑
i=1

wi︸ ︷︷ ︸
=1

=

d∑
i=1

wi(ri − µf ) =

d∑
i=1

wi(αi + βi(rm − µf ) + εi)

and thus we can naturally assign an αP , βP and εP to the portfolio as well:

αP :=

d∑
i=1

wiαi, βP :=

d∑
i=1

wiβi, εP :=

d∑
i=1

wiεi.

One way to go about the question on whether or not it is a good idea to assume that
Assumption 3.1 are correct, hence that putting effort into security selection is in vain, is to
do it anyway and for any such portfolio P evaluate if it was worth doing. This is called
performance measurement and the most obvious metric to measure performance is precisely
that alpha:

Definition 6.5 (Jensen’s alpha). For any given portfolio P the metric

αP := rP − µf − βP (rm − µf )

is called the Jensen’s alpha. ♢

By MPT αP = 0, so over long periods of time, this metric should be zero. Hence, if one
manages to assemble a portfolio where αP > 0 this hints at systematic risk-adjusted out-
performance. The Jensen’s alpha is precisely the expected abnormal return of the portfolio.

Notice though that there is a plethora of other performance metrics for asset managers.

Definition 6.6 (Information Ratio). The information ratio is the abnormal return per unit
of risk added by a security to a well-diversified portfolio

IRP :=
αP

σε
,

where σε is the non-systematic risk. ♢

This can be used for security selection. The higher the IR, the more valuable the security.

The following is an extension of the Sharpe ratio.

Definition 6.7 (Treynor Ratio). Let rP be the returns of a portfolio with βP over some
risk-free asset with returns rf . Then

TP :=
rP − rf

βP

is called the Treynor ratio of P . (This is only meaningful if βP > 0). ♢

This can be used to rank individual securities.

There are many more such metrics and their usage comes with heavily debated pro’s and
cons.
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7. Enduring Insights & Practical Limitations

Modern Portfolio Theory (MPT) and its subsequent adaptations CAL and CAPM can be
considered breakthroughs of portfolio optimization theory of their time, the 1950’s, which
has been recognized through multiple Nobel prizes in the 1990’s. Given this is now several
decades in the past, we close with some remarks on how to think about this theory today.
What has endured and what has not stood the test of time?

The insights that have endured most are the conceptual, big picture contributions, in par-
ticular:

(i) Constrained Optimization Theory: The realization that portfolio construction
should be formulated as a risk-return trade-off, not merely a return maximization.

(ii) Diversification: The insight that the risk-return profile of a portfolio does not only
depend on the risk-return profile of its composing assets, but materially on their in-
teractions. This is the intellectual foundation of diversification.

(iii) Geometry: The geometric representation of optimal risk-return profiles leading to
efficient frontiers.

The big strength of MPT is that these deep fundamental insights can be explored quantita-
tively in a very tractable analytic manner due to the assumption of jointly Gaussian asset
returns.

However, that assumption is also at the heart of the model’s greatest weaknesses:

(i) Gaussianity: Empirical analysis of asset returns show various behaviors that violate
the Gaussian assumption. The probability of upside and downside moves is not sym-
metric due to skewness effects. Tail events representing large losses occur significantly
more frequently than a Gaussian model would predict.

(ii) Risk Metrics: As a consequence, measuring portfolio risk using volatility as the
only metric is not practical. However, replacing volatility by more advanced metrics
such as VaR, ES or more general risk measures has led to interesting, but also more
challenging risk-return optimization problems, see e.g. [1].

(iii) Instability: The key inputs needed for MPT are the returns, the volatilities and
the correlations of the assets. Simply estimating these from historic data has proven
difficult as the estimates subtly depend on observation windows and outliers reflecting
that in reality the data is not only non-Gaussian, but also non-stationary. The efficient
frontier is unfortunately quite sensitive to these estimates resulting in instabilities in
optimal portfolio calculation.

8. Appendix

One of the most famous theorems in elementary calculus is that if a differentiable function
f : R → R has an extremum at x∗, then

f ′(x∗) = 0.

More generally, if a multi-variate differentiable function f : Rd → R has an extremum at x∗,
then

∇f(x∗) = 0.
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Figure 10: Lagrange Multiplier

Both of these cases deal with unconstrained optimality. When studying functions under
constraints, the most famous case are differentiable equality constraints. The following
theorem is well-known9 and states that in this case the gradient of the objective f needs to
be linearly dependent to the gradient of the constraints g, see Fig. 10.

Theorem 8.1 (Euler-Lagrange, [3, Sect 11.3]). Let f : Rd → R and g : Rn → Rk continu-
ously differentiable functions. Assume that x∗ is a solution of the constrained optimization
problem

minimize f(x) subject to g(x) = 0.

Then there exists a unique vector λ ∈ Rk such that

∇f(x∗) = λ⊤∇g(x∗)

The function f is called objective function, g is called constraint and λ is called Lagrange
Multiplier. ♢
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