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1. INTRODUCTION

Modern Portfolio Theory (MPT) is based on the landmark paper [4] published by Henry
Markowitz in 1952, for which he was awarded the Nobel Memorial Prize in Economic Sciences
in 1990. It addresses on of the biggest and most heatedly debated question of portfolio
management: Which stocks should one select? The key contribution is the insight that one
should consider risks as well as returns. By taking volatilities and correlations into account,
one can make use of powerful diversification effects. Maximizing the portfolio returns given
an acceptable level of risk, or, equivalently, minimizing portfolio risks given a target return,
leads to the famous concept of an efficient frontier, see Fig. 1.

In his paper [4], Markowitz introduces these key financial concepts and mathematically
proves the case for d = 3 assets geometrically. In this script we first introduce some basic
notions around asset prices and returns Section 2, introduce the fundamental Gaussian model
of asset returns in Section 3 and illustrate diversification can be mathematically explained
in that model. In the core Section 4, we give fully self-contained proofs of Markowitz’
results for the general case of d assets using modern calculus, in particular the theory of
Lagrange multipliers to solve constrained optimization problems. We give a summary of the
results needed in Section 8. These results apply to markets of risky assets only, which is not
realistic. Thus, in Section 5 we repeat the study for markets that have a risk-free asset in
addition leading to the famous Capital Allocation Line (CAL) and the notion of a Sharpe
ratio. Finally, in Section 6 we use the results to derive how individual asset returns relate
to market returns, discuss the implications for active vs. passive investing and how CAPM
can be used to assess performance of asset managers.
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2. ASSET & RETURNS

In this section we summarize some basic notions around total returns, rate of returns and
their relationship to asset prices and cashflows.

Definition 2.1 (returns). Let (S¢)o<i<n be a time series of asset prices of length n + 1.
The time series (R})1<¢<n of length n defined by

=S — S (2.1)

is called the total capital gains/losses of the asset S. Let (Cy)i<i<n be the time series of
cashflows of the asset S (e.g. dividends, coupons, etc.). Then

R,:=R,+Cy,=5;—S;-1+C,. (2.2)

are called the total holding period returns. O

In practice cashflows are an important component of the returns. The theory is a bit
smoother though for assets that don’t generate cashflows.

Lemma 2.2 (prices from total returns). Let R; be the total returns of an asset with initial
price Sp and cashflows (C;)1<i<n. Then for any 1 <¢ < n,

t t t
Se=S0+Y Ri=S+» Ri—)» C (2.3)
i=1 i=1 i=1

In particular, any two assets price time series with the same capital gains/losses only differ
by a constant (given by the difference in their initial values). O

Proof. The first equation can be seen via induction over t. Clearly, for ¢ = 0, this equation
holds. To see the implication t +— t 4+ 1, we calculate

t t+1
2.1 2.3
St+1 (:) R7/5+1 + S (:) Ry + So+ ZR; JrR,/H_l =S+ ZR;
i=1 i=1
To see the second equation, we notice that
t oy & t t
SR E Y (R-C)=Y R~ Cu 0
i=1 i=1 i=1 i=1

The total returns of assets can be on very different orders of magnitudes and denominated in
very different currencies and units, which makes them hard to compare. Thus, we introduce
the rate of return.

Definition 2.3 (rate of return). Let (S:)o<i<n be a time series of asset prices with total
returns (Ry)1<i<n. Then is the holding period rate of return (ri)i1<¢<n, is defined by:

R _ S —=Si1+Cy S — S Cy

r, o= — + = ’[“/ +c 2.4
R Si—1 Se-1 S T 24
=:r] =:ct

The quantity r} is the rate of capital gains/losses and ¢; is often called dividend yield /
coupon rate / etc. O



Notice that in the absence of cashflows, r, = r} is simply the percentage change of the asset
price. The terminology is not entirely coherent in the literature. Often, r; are simply called
“the returns”.

Lemma 2.4 (prices from rate of returns). Let (r:)1<;<n be the rate of return of an asset
with initial price Sy and dividend yields (¢)i<¢<n. Then for any 0 < ¢ <n,

S’OH (1+7)) H(l—i—rl—cz) (2.5)

In particular, any two assets with the same rate of return have a constant ratio. O

Proof. The first equation can be seen by induction over ¢. Clearly, this holds for t = 0. To
see the implication t — ¢ + 1, we first use the definitions to obtain

Riyw  Siq1—Si S

!/
= — _— - ]..
T g, S, S,
Thus
t t+1
Seri =047 )S =047, S [[A+r) =S [] @+,
i=1 j

which implies the first equation. The second equation follows from (2.4). O

Remark 2.5. This formula can be used to express the returns 7j , over n holding periods:

Sn—SO S()ll (1+Tz ‘
[ i=1 I |
"ot = So SO Pl ! T

In particular, if the asset goes down by p% in the first period and then down by the same
p% in the second:

3. THE GAUSSIAN MODEL

Modern portfolio theory is based on the Gaussian model of asset returns. Throughout we
make the following assumptions:

Assumption 3.1 (Modern Portfolio Theory Model Assumptions).

e There exists a fixed universe of d assets S = (S, ..., S@), which can be bought and

sold in any fractional amount, positive and negative at zero transaction costs.

e At any fixed point in time, the return vector r = (r(), ... () describing the rate of
return of these assets over a fixed horizon (e.g. 1Y) is a multivariate Gaussian'random
variable, i.e.

TNN<N7E)

with a mean vector y € R and covariance matrix ¥ € R4,

Isee e.g. https://en.wikipedia.org/wiki/Multivariate_normal_distribution
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e We make the technical assumptions that
— The returns g € R and 1 = (1,...,1) € R? are linearly independent.

— The covariance matrix ¥ is positive-definite?. %

Remark 3.2. Instead of working with a covariance matrix X € R4*d

given by
%ij = Cov[r® rO] = B[(r® — 1) (rD) — py)] € R

one can also work with a correlation® matrix C' € R*¢ given by

T Cov[r®, r)]
Pij = - - — € [_13 1]
00 \/Var[r(z)] \/Var[r(ﬂ)]
and a vector 0% = (0%,...,02) of variances, or, alternatively of volatilities o = (071, ...,04).

Denoting by D(o) the diagonal matrix with the volatilities, one can also write this as

¥ = D(o)CD(0o). O

We do not aim to introduce multivariate Gaussians in this script from scratch, but want
to convey one very important intuition. Say, we are considering two assets, then positive
correlation means their returns tend to move together, see Fig. 2a. If they are uncorrelated
the returns are independently from each other, see Fig. 2b. If they are negatively correlated,
the returns tend to move in opposite directions, see Fig. 2c.

3.1. Portfolio Returns & Volatilities The problem of forming a portfolio P can hence
be reduced of specifying a relative weight each asset has in the portfolio.

Definition 3.3 (weight vector). A weight vector is a vector w € R? such that
d
i=1

Remark 3.4. In many other mathematical contexts, one requires a weight to be non-
negative, i.e. w; > 0, which then implies w; < 1. We explicitly allow weights to be negative.
The financial interpretation of this is that we allow for short-selling. %

Weights are relative weights, i.e. in percent. In order to execute a plan to actually form a
portfolio by buying/selling the assets, the relative weights have to be translated into absolute

units.

2
3

see e.g. https://en.wikipedia.org/wiki/Definite_matrix
see e.g. https://en.wikipedia.org/wiki/Correlation
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Definition 3.5 (units vector). Let S = (S, ..., S@) be a market of d assets of value S(()i’)

at t =0 and w = (w1, ...,wy) be a weight vector. For any investment amount A, we define
a corresponding vector u = (uq,...,uq) of units related to the portfolio value Py at ¢t = 0
via
w; A
Ui = 0
Sy

By construction, the value Py of the portfolio at ¢t = 0 satisfies
d .
PO = Z ULSSZ)
i=1

Lemma 3.6. Assume no cashflows. Let P = Zle uiS(()i) be a portfolio value at ¢ = 0. At
t =1 (day/year/etc.) the total returns of the portfolio satisfy

d
Rp:=P —Py=Y uR" (3.1)
i=1

and the rates of return of the portfolio satisfy

Zwl . (3.2)

Proof. We calculate for the total returns

d d
= =1 =1

and the rate of return

d
My _ 1 o) o)

r u; (S D8y = =S w14 r)s — s
r=p POE o) Po;:l (( )So 0 )

d

1 wZA i)
:foz, @ 0 (R Zwl -
=1 0

Remark 3.7. The (3.2) is of key importance to the model. It implies that the portfolio
returns are a weighted sum of the asset returns. The financial implications are that they can
be worked out entirely in percent without any reference to any currency. The mathematical
implications are that portfolio returns are linear combination of the Gaussian asset returns,
which enables an efficient theoretical treatment. O

Theorem 3.8. Assume that r = (r() ... r(d) ~ ./\/'(,u,E) is a Gaussian vector of asset
returns. Then the portfolio returns rp = Z;j:l w;r(D = wTr are also Gaussian satisfying

rp ~ N(,LLP7 0123)7

where the portfolio returns are given by

d
pp =Elrp]l=w'p= Zwiﬂi (3.3)

i=1



and the portfolio variance is given by

d
0123 = Var[rp] = wTEw = Zwiwj&j = Z W;W;0;04Pq5 (34)
g 4,j=1
= Z’IUZQUZQ + 2Zwiwjaiajpij. (35)
i i<j O

This claim follows from the fact that linear combination of Gaussian random variables are
Gaussian.

3.2. Diversification The following is the mathematical foundation of a key principle of
portfolio optimization.

Theorem 3.9 (diversification). In the Gaussian model with d assets it is always true that
d d

pp = wi, op <Y wio;. 0
i=1 i=1

Proof. The first equation follows from the linearity of expectations. For the second, we
calculate

i<j i<j

2
= E ’LUﬂUjCTiO'j:( E in'i) . O
.3 i=1

2 2 2 2 2
op = g wio; +2 E Ww;jo;05 Pij < g wio; +2 E WiW;j0;0;
3 <1 3

This theorem has profound implications. It states that the volatility of the portfolio is always
less (or equal) than the weighted volatilities of the assets. The counter-intuitive consequence
of this is that you can reduce your risk by taking risks. The proof resolves this paradox:
If the new asset has low, maybe even negative, correlation with the rest of the portfolio
assets, the total risk is reduced. This is the mathematical reasoning behind diversification,
the widely spread principle of not putting all your eggs in one basket. It also shows that
portfolio volatility is driven not only by the asset volatilities, but even more so by their
correlation structure.

Remark 3.10. In the simplified case where all assets weights are equal, i.e. w; := é, we
have
1
pp = Zui =[
i=1
1 d—1
2 o -=2 =2~ ., -
PRGOS T

where [1, &, p are the average return, risk and correlation. This shows that if correlations
are small enough, these can yield a big reduction in portfolio risk. This equation is quite
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famous, but the first ~ is only a rule of thumb. The other steps can be rigorously proven:

UP—ZU)202+2ZU”U‘71 7p”:d22 o + 2ZUiajpij

i<j 1<j
1 2d(d-1)
~ =2 2 —2
~ Y 2 e S
% 1<j
1 d—1
:g62—|— 7 5p

Remark 3.11 (two asset example). For d = 2 we can conveniently express the first asset
weight as w := w; and the second as wy = 1 —w and thus obtain a neat formula for portfolio
return and variance in this case:

up =wpr + (1 —w)pe

0% =w?o? + (1 —w)?02 + 2w(w — 1)o109p O

4. MODERN PoORTFOLIO THEORY (MPT)

4.1. Risk Minimization We now prove the first version of the Markowitz optimization:
Given the universe of d assets, the distribution r ~ N (u,Y) of their returns, and a target
return pup we want to achieve with a portfolio, what are the optimal portfolio weights
w* € R? in order to minimize the volatility op of the portfolio but still achieving the
expected target returns pup? The following theorem gives the answer.

Theorem 4.1 (Markowitz Variance Minimization). For any chosen target returns pp, the
problem

d d
o 1 .
minimize w — inEw subject to w' 1 = lei =1 and p'w= ;wim = up,
i= i=



has a unique solution

C-B Aup — B
Wy = U}v(,LLP) = T’upz_l 1+ M[:)D Z_l 5 (4 1)
where
C:=p'S D := AC — B? (4.2)

A=1"T2"11 B:=1"x"1y

are all scalar. The variance pertaining to wy is given by
Ap? —2Bup +C
(05)? = o} (up)? = “HE—TE (4.3)
O

Proof. Define the objective function f: RY — R, w — %wTZw. Its derivative is given by

Vi(w)=w"y e R,

Define the two constrains
glsz%R,wHle gngdﬁR,wHwTu,

which have derivatives

Vgi(w) =1" € RM*¢ Vgo(w) = pu' € R,

By Theorem 8.1 there exists A = (A, \2) € R? such that a critical point wy satisfies

Vf(wy) = (A1, A2) (%:EZZD = M Vg1 (wy) + A2 Vga(wy).

Plugging in the definitions, we obtain the Euler Lagrange equation
(4.4)

(wv)TE =\ 1" +>\2[LT = Ywy =M 1+ p. = wy = 271(/\1 1 —|—/\2,u).

Plugging this into the constraints gives two more equations
l=1"wyg=XA1"2""1 1" 'u=MA+ B
Wy A + A2, u MA+ Ao
=A —B
pp=p wg =M B 14 u "8 = M\ B + X C.
—— ——
=B =C

The key insight is that A, B, C € R, thus these satisfy a 2 x 2 system of linear equations

A BY (A (1
B C )\2 N up ’
The determinant of that system is D := AC — B2. Because X! is positive-definite the

Cauchy-Schwarz inequality? for the scalar product (_, )51 induced by Y~ !states

B> =17 = (1, pys [P < (L, D)g1 (p, p)p1 = AC = D= AC—-B*>0

4see e.g. https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality

10
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with equality if and only if 4 and 1 are linearly dependent. Since we have assumed inde-
pendence in Assumption 3.1, we conclude D > 0. Thus, we have the explicit formula

-1
M)y (A B 1y 1 [(C -B 1) _ 1 [C-Bpup
X \B C wp)] D\-B A pp] D \—=B+ Aup
and the optimal weights are explicitly given by

4.4 1
wy = ST L Aan) = 5EH(C - Bup) 1+ (A — B)p)
O Buegy Aue B

R R e R 2
For the variance, we calculate
(03)? = wizwy =] (¢ —Duey +A”PD —5,)
- DL ((C = Bup)?A+2(C = Bup)(Aup — B)B + (Aup — B)*C)
= % (AC2 —2ABCup + AB2N§) +2ABCup — 2B*C — 2AB2;L?3 2B up

+ A2Cu3 — 2ABCup + 320)
1
D?

(,u%;(ABQ ~9AB? + A2C) + pup(—2ABC + 2B% — 2ABC + 2ABC)

+ AC? — 2B2C + 320)

1
= (,u%;(AQC’ — AB?) — 2up(ABC — B®) + AC? — BQC)
e _ Apj —2Bup+C

(ADMQP —2upBD + CD)

- D2 D

4.2. The Efficient Frontier One way of thinking about Theorem 4.1 is that we have
found a way to assign to any target return pup a portfolio wy that achieves these returns

11




and is of minimal variance (o})?. We can thus think of this assignment as a function. This
function is very famous and has a special name.

Definition 4.2 (efficient frontier). The function

Au% —2Bup + C
pp = op(pp)? = = (4.5)

where A, B,C, D are given in (4.2), is called Efficient Frontier. O

Notice that the coefficients A, B,C, D depend on the market model (u,%). Thus, this
function essentially solves the investment problem. For any given target returns, it tells us
the risks in form of the variance we have to accept. In Fig. 4a we have plotted the graph
of this function. One should remark that this function is in fact so famous that there exist
slightly different forms.

Variance vs. Volatility When plotting the function (4.5), we plot returns pp against
variances 0%, which is called return-variance parametrization. The result is a parabola,
which is a very nice easily tractable function mathematically. In most mathematical theory,
working with variances is generally easier than working with volatilities. However, for prac-
tical purposes, recall that the returns are given in percent, e.g. up = 20%. Analogously,
the volatilities are also given in percent, e.g. op = 10%, which means that returns and
volatilities can be compared very nicely. The variance would be ¢% = 0.1 = 0.01, which
is a much smaller number, but of course doesn’t correspond to lower risk. Because of these
practical considerations, many people prefer to plot the risks as volatilities, i.e. standard
deviations, rather than variances, i.e. up against op, which is also shown in Fig. 4a. As we
can see, the shape of the graph using volatilities is qualitatively similar, basically just a bit

more narrow, than the graph using variances.

Global Minimal Variance The efficient frontier in its return-variance parametrization is
a parabola. Like all parabolas, this means it has a global minimum, which we can calculate,
see Corollary 4.3. This is a remarkable result of profound practical relevance: In presence of
risky assets, we can reduce risk through diversification and portfolio construction, but not
below an absolute threshold. This threshold 012nvp depends only on the market covariance
> and also leads to the lowest returns piy,,p associated to this level of risk. Now, if we aim
for higher returns, i.e. target pp > fimyp, then we have to live with higher levels of risk.
That makes sense. However, targeting lower returns pp < fmyp, also increases the risk
from a purely mathematical point of view as evident from the plot of the parabola. This
is not financially meaningful though. Once we know the minimal level of risk 0., and
the associated returns pmyp, any rational investor would either accept that or target higher
returns accepting higher risks. Nobody would reasonably target lower returns than those
associated with the lowest risk at the cost of higher risks. For that reason, the left half of
the parabola in Fig. 4a is often deleted.

Corollary 4.3 (Global Minimum Variance Portfolio (MVP)). Assume that the returns of
a portfolio follow the d-dimensional normal distribution A (1, ¥). The problem

d

e 1 T . T
minimize Sw Yw subject to 1" w = Ewi =1.
i=

12



has a unique solution satisfying

> 11 1
e Y |
1"Tx-11 A ’

) 1 1 1"y B

S T e A )
me = Tyory AT PP T Ty T A (63

Wivp = o

There are two ways to prove this: We can either solve this via Lagrangians with one condition
dropped or we can use the result of the previous theorem and minimize over all target returns.
We give both proofs here.

Proof. Using Lagrangians is a much easier version of the previous technique: The La-
grangian is now given by

Stmvp = A1 == Wiyp = A1

Thus, plugging this into the only constraint gives

1
4T oy 1T y-1 _
1=1" wmyp=A1" % 1:>’\*71T2_11’
thus
51 2 T 2T y—1 1 1
Wmvp = m — O—mvp = wmvawmvp =1 X 1= m = Z,
Ty—1
T o w¥X1 B
= HUmvp = MK wmvp*mfz. O
Proof. This result can also be obtained by using (4.3)
A(up)® —2Bpp +C
op(up)? = D ~
and finding its minimal value:
v Oop(up)? 2Aumyy — 2B B
0L ZIRWE) () )= e TET e = B == e =
uip (Hmvp) o) Hmvp Hnvp = —
This results in
B? B B? B? AC-B?
g2 AL —2B3+C G -23 40 T 1 O
v D D D A

Risk-Return Parametrization It turns out that flipping the axes on the graph of
Fig. 4a, which leads to Fig. 4b also gives an interesting result. This now plots the re-
turn we have to target once we accept a given level of risk. This is actually much closer to
practical portfolio construction. The mathematical problem that there are now two points
on the parabola above a risk op conveniently disappears if we again delete the half of
the parabola that is not financially meaningful anyway. This parametrization is called the
risk-return parametrization and by assigning up to volatilities op we arrive at a graphical
representation that is most useful for practical purposes, which is why this is probably the
most common. We will use this as the standard parametrization of the risk-return space
from here on.

Of course the process of flipping the axes of the plot and deleting the lower part of the
resulting function can be described mathematically as well.

13



Corollary 4.4. Let (up,o}) be a point on the (financially meaningful half) of the efficient
frontier (4.5), i.e.

_ App —2Bup +C

V2
Then conversely,
B VD
=— 4+ —/A(c})? - 1. 4.
pp ==+ L0\ [A0R) (47)

Proof. We simply solve the quadratic equation for pp:

Au% —2Bup +C D(c})? B C
Vy2 P P/ _ 2 o9~ el
B B?> D(o})*-C B2
= pup—2—pup+—5=—"L— 4 —
A A2 A A?
B\’> AD(c})? — AC + B2 A(})? -1
—\*mma) - A2 =D

We know that D > 0 and A > 0. From Corollary 4.3 we also know that

1

(08)° 2 (op)® = 5 = A(0})* =1 20.

Hence, mathematically this quadratic equation has the two solutions

_B_ VD
pp =+ — A(op)? — 1,

and the bigger one is financially meaningful. (In case A (o) —1 = 0 we are at the minimum
and we only have one solution anyway.) O

4.3. Return Maximization In (4.7) we have expressed the target returns pp as a function
of the minimized variance (UIVD)Q. However, we could also have approached this topic the
other way around: Given a target level of risk op, maximize the returns. This approaching
the problem of portfolio optimization is equally if not even more legitimate from a practical
financial point of view. Therefore, we also present this alternative derivation in the following.

Theorem 4.5 (Markowitz Return Maximization). Assuming the Gaussian model r ~ N'(u, X).
Then for any target variance 0%, the problem

d
. T . T4 _ T 2
maximize w — w4 subject tow ' 1 = w; =1 and w Xw = 0op,
i=1
has a unique solution

JAcL 1 D B\Ao% 1
;%E—MJF\F A\/T)UP 11, (4.8)

The returns pertaining to wa are given by

wpn = wA(Jp) =

VD B

14



1

Proof. We rewrite the second constraint to the equivalent condition %wTEw = 50%. Now,

we again apply Theorem 8.1 and obtain
p=ml+miwa,
for some Lagrange multiplier n = (n1,72). If 7o = 0, then p and 1 would be linearly
dependent contradicting Assumption 3.1, thus 73 # 0 and this is equivalent to
|
wa =—X""(p—m1).
2

Plugging this into the first constraint, we obtain

1
1=1"wa = —(B—nA).
2
We can re-arrange this to
_ B —mn
m= 1

Plugging wa into the second constraint gives

n30p =m(wa) Swa = (p—m 1) S(p—m1)

B- B —1a\2
—C—2pB+n?A=C—2B 772+( ”2)A

A A
~ AC + —2B? +2Bny + B? — 2Bns + 13
- A
_ACn3—-B* AC-B?*+n3 D+nj
B A - A oA
thus
D

Anjop =y =D =5 = S5
P

Plugging these expressions of the Lagrange multipliers back in, we obtain

_ 1

_ 1 _ B—ng
S u—m1)= =" - 1
wa (h—m1) n (u " )

2
1 B 1
= > p-=1)+=x11
72 (N A )+A
Ao% -1, B 14
=+ ——1 —¥7"1
/D (n-31)+3
AO’I% 1.4 \/E—B\/AO'I%—I 1
= b)) X1
vD AVD
To obtain the maximized returns, we calculate
Ac? —1 B
VAN _ P Ty—1 2 Ty —1
Wp = [ WA = /D X (u A1)+A X1
Aop, =17 74 Ty—1 L
= X1 —u X1
/D ( p gt )+
B Aalz’_l(cfg) B \/Aal%—l(AC—B2) B
VD A A D A A
Ao, —1_ B D B
= D+==""\/Ac% -1+= O
VDA AT avirTity
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Figure 5: Risk Minimization vs Return Maximization

Just like in Corollary 4.4, we can also write the efficient frontier the other way around.

Corollary 4.6. The target variance 0% can conversely be written as a function of the

. A .
maximal returns pp via

A(pp)? —2Bup +C
= :

(4.10)
O

op =

Proof. We calculate

App — B App — B)?
MJ%:?\/AU%—l—l—Eﬁ add = Aa%—lﬁwi):flo%—l,

A VD D
thus
, 1 /(Aup — B)? 1/ A2(u5)2 — 2ABu’s + B2 4+ AC — B?
R S )
P A( D A D
_ A(up)*—2Bpp +C .
5 .

4.4. Markowitz Duality We have now derived two version of a Markowitz optimal
portfolio: One by setting target returns and minimizing the variance, one by setting target
variance and maximizing the returns. This raises the natural question if these two approaches
are equivalent. It turns out the answer to this question is: yes, even though this might not
be immediately obvious from the formulas Eqs. (4.1) and (4.8) for wy and wa, but maybe
more so if we take a look at efficient frontier again, see Fig. 5. That is because the former
is written as a function of the target variance where the later is written as a function of a
target return. As we will show below, these weights do agree when appropriately re-written.

And that is not a coincidence. There is a deep mathematical reason for this revealed in
convex analysis called dualization. Under broad conditions one can replace a primal prob-
lem, e.g. minimize variance given returns, by a dual problem, e.g. maximize returns given
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variance, and it turns out both have the same solution, see e.g. [2, Chapter XII|. However,
it is often the case that one problem is much easier to solve in practice than the other. In
this case though, we already solved the primal problem directly in Theorem 4.1 and it turns
out the dual problem is equally easily solved. We prove this below in Theorem 4.5 directly,
i.e. without using abstract principles from convex analysis.

Theorem 4.7 (Markowitz Duality). Let pp be the target returns for the portfolio. Let
wy = wy(up) be the weights of the portfolio with minimal variance (0})? = of(up)?
pertaining to pp from Theorem 4.1. Set the target variance 0% := op(up)? and let wa =
wa(o}) be the weights of portfolio with maximal returns uﬁ = uﬁ (c}) pertaining to

0% = (0})? from Theorem 4.5. Then

N A
wa(op) = wy(up), pp = pp(op).

Conversely, let op be a target variance and let wa = wa (op) be the weights of the portfolio

with maximal returns uﬁ = ,u?(op) pertaining to op from Theorem 4.5. Set the target

returns to up := uﬁ and let wy = wv(uﬁ) be the weights of the portfolio with minimal

variance (05)2 = o%(15) pertaining to yup := p% Theorem 4.1. Then

wy (ip) = wa(op) op = op(p). 0

Proof. Note that from the first statement we have already shown that pup = ,uﬁ by (4.7).
From the second claim we have already shown op = o}, by (4.10). It remains to show the
claim on the portfolio weights. This can be shown in two ways: It follows indirectly from
Theorems 4.1 and 4.5 because the weights of the optimal portfolio are unique.
Alternatively, one can also show this via direct computation: Notice that by (4.7)

Af\@ V)2 B [ A(r7 )2 fA:“}%_B

Plugging this into (4.8), we obtain

48) /A(op)? —1

BVAGRE-1-VD

wa (0P Yl +

AuAfB Ap,AfB

. \;’5 271 B \;’5 B \/5 —1

= w+ ————>3¥ 1
AVD AVD
AH?*B A 9

— _ VD y-1 + (M_l)x—ll
AVD AD A
A[LAfB

_ 55 Z—lu_i_AB/iz%*BZ*Dz—ll
AVD AD
A;Lﬁ—B A
VD w_1 ABpp — AC 4 (41) A

= Z 72 1 - .
A/D [+ D wy (pp)

Conversely, notice that since
Aps—B
VD — By/A(c})? — 1 (4.11) VD - B Mjﬁ 1 EA,MI% - B
AVD B AVD A A D (4.12)
_ D-ABup +B?>  AC - ABup  C - Bup
N AD N AD N D ’
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we obtain
AN A
w (MA) (4.1) € — Bup -1 1+AHP - BE—IN
v =/ - F L —
P D D
AV A
(4.11) / A(op) 12—1 C —Bup y-1q
VD D

Ao? —1 D — B\/Ac% —1
o9 VAT Ty VDBVAG T g
VD AVD

4.5. Two Mutual Fund Theorem Recall from (4.1) that the portfolio weights wy of the

variance minimal portfolio are given by

C — Bup
Wy = ———

—1 App — B 4
) DI | +TE 14
i.e. they are a linear combination of just two vectors ¥~!1 and ¥~ !'u both multiplied by
scalars, which are affine linear functions of the target returns pp. This mathematical fact
can be exploited to show the practically interesting financial fact that once we have found
two distinct efficient portfolios on the frontier and know their optimal weights, we can obtain
any other point on the efficient frontier, by just linearly combining the weights, see Fig. 6.

Theorem 4.8 (Two Mutual Fund Theorem). Let w(vl) and w(vz) be the optimal weights per-
taining to two variance-minimal portfolios on the efficient frontier with target returns ,uggl)
and ug). Let ,ug’) be any other target return. Then the optimal weights w(v?’) of the third

portfolio are a linear combination of the first two:

(3) 2 (1) (3)

3 _Hp —Hp (1), Hp  —Hp  (2)
W =T T oW T oW (4.13)
Hp Hp Hp Hp O
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Proof. We write the weights of the first optimal portfolio as

1 (1
m_C— BMP 1y, Arp =By
Wy ) X1+ o) X
C_._ nB__ nAa B__
Iyl D P11y () A !
D 1p +tip D - Do M
_ @ (é 1. B ) Q 1, B
= lp DZ 1 DE 1 +DE 1 DE I
z,ug)u+v

where u, v € R? are vectors, which do not depend on M(;})- With the same argument

w(vz) = gg)u +o (3) = ,ugf’)u + v.
Therefore,
3) _ (2) 1) (3) (3) (2) 1) (3)
Hp ( ) Hp” — Hp (2) Hp  — Hp (1) Hp  —Hp (2
— oy B PP = PR PP (D v) + SR (1t v)
H(l) (2) 1 _ (2) ﬂg) _ uﬁf) ug) _ ,ug)
3 2 1 3
:(()—ugg)()+ ()_ng) (2))u+<ugg) ()+M§3)—H§3)>v
o_ ot (1) ug)) 531) (2) M( ) uﬁf)
(MS)NSDU Mg)ﬂgv) + Mg)ﬂg) Ng)ﬂg)> (Mg) (2) + NED) Mg))
u + v
o _ (@ (1) (2)
Hp — Hp —Hp
:Mg)quv:w(vg). ]

5. CAPITAL ALLOCATION LINE (CAL)

In a market where the returns r of the risky assets are Gaussian, r ~ N (p, ), we have
established the optimal portfolio given any target level of risk (or return). What more do
we need?

Our derivation of the efficient frontier in (4.5) rests on the assumption that the covariance
matrix ¥ is positive-definite. While this might sound like a rather technical detail, this has
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a very concrete consequence: we are assuming that the all assets are risky. This means that
when investing into this asset universe, Corollary 4.3 establishes a globally minimal amount
of risk one has to be willing to take to make that investment.

This is problematic in two ways. First, if an investor is not comfortable with the risk in
the minimum variance portfolio, then according to the theory established to far, one would
have to walk away from that asset universe. This significantly limits the applicability of this
theory. Second, the assumption that there is no risk-free asset is often deemed unrealistic.®
Irrespective of whether or not we think truly risk-free assets exist, it would be highly desirable
to be able to include a risk-free asset into our theory. From a theoretical point of view, one
should remark that many other landmark theories in financial mathematics, for example
Black-Scholes option pricing, do assume the existence of a risk-free asset. From a practical
point of view, risky vs. risk-free is often seen as the difference between saving and investing.
Many investors consider it unrealistic that a market has no risk-free asset due to the existence
of e.g. bank account deposits.

Integrating a risk-free asset into the theory established so far is unfortunately not straight-
forward. By definition, a risk-free asset has zero volatility and this also means it has zero
correlation with all the other assets. Thus, if only one of our d assets is risk-free, the result-

R4 is no longer positive definite. While this violation of the

ing covariance matrix % €
assumptions of our theorems so far sounds like a technical detail, the consequence is that
the inverse ¥ ~! no longer exists. Given this expression appears in all the key equations, e.g.

Egs. (4.1), (4.2), (4.8) and (4.9), none of these expressions can be calculated anymore.

Even more importantly, the conclusions of these theorems, in particular (4.3), which states
that the efficient frontier is a parabola, are all wrong. It turns out that introducing a risk-
free asset changes the shape of the efficient frontier of the universe of d + 1 assets, i.e. d
risky assets and one risk-free asset, from a parabola to a straight line, which is called Capital
Allocation Line (CAL), see Fig. 7. In the following we derive this result and then explore
the relationship between the efficient frontier of risky assets and the CAL. We will prove
that they intersect tangentially in precisely one point. This tangency portfolio represents the
entire market of risky assets and can be used to design portfolios with arbitrary risk-return
profiles. While the intercept of the CAL is just the risk-free rate, its slope is called Sharpe
ratio. It turns out that Sharpe ratios provide an alternative way to derive these results and
are a very useful concept in general.

5.1. One Fund Theorem (Risk Minimization) In this section we prove that in presence
of a risk-free asset, the efficient frontier takes the shape of a line.

Theorem 5.1 (One Fund Theorem, Risk Minimization). Assume that the returns of d risky
assets are Gaussian, r ~ N(u, ), and that in addition there exists one risk-free asset with
expected return py and zero variance. For any given target return jip, the problem

d d
1
minimize w — inEw subject to lel +wy=1 and lez,ul +wspy = fip,
1= i=

5At least in during Markowitz’ times. Since the Great Financial Crisis in 07/08, working under the
assumption that risk-free assets or risk-free rates do not exist in reality, has gained some more traction
again.
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has a unique solution

wy = wy(fip) = %E_lue, (5.1)

where

fe = — puyp 1, 5% = /‘zzilﬂe (5'2)

The resulting minimal variance is given by

(o1)? = oR(ip)? = P 53)
O

Proof. Notice that while the problem is formulated in terms of d + 1 weights, i.e. the
d weights w of the risky assets and the one weight w; for the risk-free asset. This first
constraint can compactly be re-written as

wy=1- 17w
and plugged into the second we obtain
fip=p w4 (1 =1Twpg = pp+w’ (p—ppl) = ps+w' pe.

Thus, we can still treat this as a d-dimensional optimization problem, drop first constraint
and replace the second one with the above equation. The resulting Euler Lagrange equation
from Theorem 8.1 gives

Ywy = Alle — wy = AX " ..
We obtain
fip — [if = Wy fte = M1l 7 pe = AS?
and therefore

_ Hp —py
=T

This implies

(Bp = 1s)® o _ (P —p1y)* 0

(03)? = wy Swe = X[ 5 e = L %

This theorem shows us that the means by which we can now achieve arbitrary low risk is
the factor fip — iy, which is called excess returns. Technically, this terminology only makes
sense when fip > pir. On the other hand, financially it doesn’t make any sense to target a
return that is less or equal than the risk-free rate using risky assets.

We can now easily derive the efficient frontier of the asset universe that includes the risk-free
asset.

Corollary 5.2. The target returns can be written as a function of the minimal variance by
fip = pg +0pS. (5.4)

This function is called the Capital Allocation Line (CAL). O
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Proof. We calculate

Ty —1
- T . [re X7 pe
MD*Nf+uhﬂefﬂf+(MP*ﬂﬂuzzqﬂe
fip — pif S*
:,LLf—FTf?:/Lf—FO'}:S O

5.2. One Fund Theorem (Return Maximization) Just like for the risky assets, one
can derive the CAL either by minimizing variance given the target returns or by maximizing
returns given the target variance. We have already given the former and even this is a bit
redundant, we also give the later derivation here.

Theorem 5.3 (One Fund Theorem, Risk Minimization). Assume that the returns of d risky
assets are Gaussian, r ~ N (p,Y), and that in addition there exists one risk-free asset with
expected return uy and zero variance. For any given target variance 5%, the problem
d d
maximize (w,wy) Zwi,ui +wyppy  subject to Zwl +wr=1 and w'Yw=o0%
i=1 i=1

has a unique solution

g _
wa = wa(op) = sz e (5.5)
The resulting maximal return is given by
pp = pp(op) = opS + py. (5.6)

Proof. We again use the first constraint to write
wp=1-— 17 w.
Plugging this in, we have to maximize
ws pw+ (1= 1" w)py = plw+ .

Invoking Theorem 8.1 on this function and the equivalent second constraint w'Sw = 10%

(dropping the first constraint) we obtain
He = )\EU}A.

Again, if A = 0, we had p. = 0 and p and 1 were linearly dependent contradicting the
assumptions Assumption 3.1. Thus, A # 0 and we obtain

1
=
Wa b\ 12
Plugging this into the constraint yields
1 52 S
2 _ T _ Ty—1, _ _
O'P—wAEwA—FMeZ ILLG—F:>>\—;
Consequently,
(o) _
Wa = ?PZ 1,Ue
This implies
op _
M;:?ILLZE 1M5+ﬂf:O'PS+,sz D
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Remark 5.4. Just like in the risky case, these two derivations are equivalent. We can
directly see from Egs. (5.3) and (5.6) that these are consistent. Analogous to Theorem 4.7,
we again also have for any target returns fip

(:0) 7F s i — (5.)

_ - - Hf - _
wa(oh(@p)) "= FE e = —5— 5 e = TS T e = wy ()

and for any target variance gp

(5.1) ub(Gp) — _ opS__ op—_q1 (55)

wy (up(op

5.3. Tangency Portfolio In the example Fig. 7, we can see that in presence of a risk-free
asset the resulting CAL touches the efficient frontier tangentially in precisely one point.
This is not a coincidence, which we prove in the following.

Theorem 5.5 (Tangency Portfolio). Assume that the returns of d risky assets are Gaus-
sian, 7 ~ NM(u,X), and that in addition there is one risk-free asset with expected return
pr < Wmyp, ¢.£.(4.6). Then the efficient frontier

VD /5, B
UPHMP(OP):T A0123_1+Z

of the risky assets, c.f. (4.7), intersects the CAL, c.f. (5.4),
op l—>ﬂp(0’p) = it +opS

tangentially in precisely one point (pr,or). This point is given by

/uTH—1 Ty-1
/'[/e Me lu Me (57)

op = ——————, wr =

1721y, 1721,
The portfolio underlying this point is called the tangency portfolio and its asset weights
satisfy
»-t e
wr = m, U)Tyf = 0, (58)
i.e. it is composed of risky assets only. O

Proof. The overall strategy is to show that the slopes of both equations, i.e. the CAL and
the efficient frontier are equal in only one point and then we show that both functions have
the same value there. To ease calculations, we first establish some algebraic relations.

STEP 1: When we derived the eflicient frontier of the risky assets, we have introduced the
quantities A, B,C, D in (4.2), which are convenient to work with on the parabola. For the
efficient frontier in presence of a risk-free asset, we have introduced the quantities p. and S
in (5.2) as these are convenient when working with that line. It is helpful to establish some
relations between these quantities. First of all, notice that

S = p S e = (= pp D)2 (= py 1)
=p S = 2ppp ST 41T
=C —2usB+ p3A
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and therefore

(B— Aus)? 4+ D = B> = 2ABpuy + ;A% + (AC — B?)

= AC — 2ABpuy + A’p} = AS®. (5:9)
By hypothesis we have
pf < pmvp = B — Apg > B — Apimvp “Wp_ A% =0
and therefore
B —Apy =+ AS? -
Furthermore, we calculate
1" e =1"2 (=) =1" 2 — 178711 = B — A
Combining these equations, we obtain
175 e = B— psA=+/AS? - D. (5.10)
We also calculate
P e =p TS (= 1) = p TS = 'S L = O - g B (5.11)

STEP 2 (Equate Slopes): We first show that both functions have the same slope in precisely
one point: The slope of the CAL is clearly

Ofip
— = 5.
aUp
The slope of the parabola is
oup VD 240cp  +/Dop

% B 72\/140%—1 N \/AO’IQD—

These are equal precisely when

vV Dop 5 Do?, 2 2 2 2 2 2
S:m@»sZW@DUP:S(AO'Pfl):ASUP*S
2 2 2 2 52 2
—S5* = (AS —D)UP<:>0P=7AS2_D =: o7p.

STEP 3 (Plug into functions): The corresponding return on the risky frontier (i.e. the parabola)

f/ _1 B \F\/As2 AS2+D+B
AS2 — A

B D+B\/AS2

is

A\/ A52 AVAS? —
The corresponding return on the CAL (i.e. the line) is
52 ApyVAS? — D+ AS?

Ari=pptorS =it S\ g p == i gep
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STEP 4: To see that these points are equal, we first need to reformulate these quantities a
bit using our preparations. We re-write the first via

D+ BVASZ—D (s510) D+ B(B— Aus) D+ B>~ ABu;  C— Bpy
M= VAT - D AVASS-D  AJAS -D VA -D

We re-write the second as well via
_ (5.10) Aug(B — Apyg) + AS?
T T AVAS D
(5.9) Apy(B — Apy) + (B — Apy)® + D
AVAS? - D
ABpy — A*f + B> = 2ABus + A%uj + AC — B?
B AVAST-D

~ C—Buy
- Vase—_p 7

Thus, we have proven that the CAL intersect the efficient frontier of the risky assets tan-
gentially in one and only one point.
STEP 5: We can write the resulting quantities a bit nicer by calculating further

~ C—Buy (5100 C— By (5.11) ' S pe
M=Jis-D ~ 17 s . SR
The volatility can also be expressed via
S VR E T e

AS2—D 1'% 1,

or =

STEP 6: To see the claim about the weights we use (5.1) to obtain

S e (uTE_lue_ ) DTS

wr = (fr — p -5 = n) o1
( f)u;rZ Yie 1 st I T,
R T s AR T R ey 1 P S e
17321y, pd X e 1721y, “ul S,
o ne S Se plY e X7 pe
1" S e 6/1‘2271:“6 1" Y1, /‘;rzilﬂe
= Eilﬂe
1721y
Since clearly,
17wy L Yt =1,
17 S 1y
these weights already sum to 1, thus no fraction is in the risk-free part, i.e. wry=0. O

5.4. Sharpe Ratio The slope S of the CAL has an alternative expression other than (5.2)
and a famous name.

Lemma 5.6. The quantity S satisfies

g HT K (5.12)
or

and is also called the Sharpe Ratio of the tangency portfolio. O
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Proof. We calculate

Tzfl . _ B _
pr—pp s M TS e p TS e —pp 1T S g
or \/N;FE_lﬂe \/,u;rE—lue ]-T E71,“/6

1721y,

_ p'E " e — ladi 1’ S e _ :UeTEil,ue -3 0

Ve X e Ve X e

The Sharpe ratio is a very interesting quantity. It represents the excess returns per unit

of risk taken. Many investors find it natural to maximize this quantity as it provides an
aggregate view of jointly maximizing excess return (nominator) and minimizing risk (de-
nominator).

5.5. Two Fund Separation Theorem Theorem 5.5 is a remarkable result. It shows
that the CAL has two distinct points that define it: The point (0, uy), where everything
is invested in the risk-free asset, and (or, pr) where everything is invested in risky assets.
Recall from Theorem 4.8 that even without the risk-free asset, it is possible to produce any
point on the efficient frontier of the risky assets from just two distinct points on it. But
with the risky assets only, there are no two distinct points on the efficient frontier to use.
With the risk-free asset though, we can now produce any point on the CAL by using just
these two canonical portfolios behind these two distinct points. This is called the two fund
separation theorem.

Theorem 5.7 (two fund separation theorem). For any target volatility op, the portfolio
that achieves optimal returns fip(op), i.e. such that (op,jip)) lie on the CAL can be
constructed by purchasing the amounts

or —o g
wy(op) = T(TiTP wr(op) = i (5.13)

of the risk-free asset, respectively, of the tangency portfolio. %

Proof. We simply use the CAL formula (5.4), plug in (5.12) and rearrange to

_ T —
pp(op) = ps+opS=ps+ UP%
T
M H or —0p op
zuf—i—op——ap—f:iuf—f——;w. O
(s ar orT ar

5.6. Sharpe Ratio Maximization Sharpe ratios can be calculated of any asset or port-
folio, not just the tangency portfolio. A practical approach to portfolio management can be
to maximize the Sharpe ratio. It turns out that this approach paves an alternative way to
introduce the tangency portfolio.

Definition 5.8. Let fip be the returns of a portfolio P with weight wy € R in the risk-free
asset and weights w € R? in the assets. Let op be the volatility of the resulting portfolio.

Then
Sp = S(wy,w) := Lol
op

is called the Sharpe ratio of P. O
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Because the weights have to sum to one, there is an easier representation of this quantity.

Lemma 5.9 (representation of the Sharpe ratio). The Sharpe ratio Sp of any portfolio P
can be written as a function of the weights w € R? of the risky assets as

.
He © (5.14)

Sp=3_5 = ==
r (w) VuwTZw 0

Proof. Recall that for any choice of weight wy € R for the risk-free asset and any choice of
weights w € R? for the risky assets, the return on the portfolio as a function of the weights
is given by

fip = pp(wp,w) = wppg +p'w,
but this is subject to the constraint
1=wf+1Tw:>wf:1—1Tw.

Consequently, we can also write the portfolio returns as a function of the risky weights only
as

pp = pp(w) = (1 =1Twpp+p'w=(p—p; 1) w+py.
|
=pte

Because the risk-free weight has zero variance, we can write the Sharpe ratio S of the
portfolio as a function of the risky weights w only as

.
fre w

S = e

Theorem 5.10. Let r ~ N(u,X) and py be a risk-free rate. All solutions that solve the
unconstrained optimization problem

.
W fle

VuTSw

maximize w — S(w) :=
are given by

{kwr | k € R},

where wr is the tangency portfolio. The volatilities and returns of the portfolios correspond-
ing to these risky assets are exactly the CAL. O

Proof. Notice that the Sharpe ratio function (5.14) is invariant under scalar multiplication,
i.e. for any x € R and any w € R%,

S(kw) = S(w).

Thus if we can find one maximum, we just have to scale it to find all. We therefore can
equivalently solve the constrained problem

maximize w — u—erw subject to w' Xw = 1.
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Again by Theorem 8.1, the optimal value w, satisfies
T L T
e = )Ew<> 3.

Notice that if A = 0, this implies p. = 0 and hence p and 1 were linearly dependent, which
contradicts our assumptions Assumption 3.1, hence we obtain A # 0. This implies

2
ueZEZwo — XZ 1/.14(3:11)0.

Plugging this into the constraint gives

4
1=w!Xw, = ﬁqufl,ue = A=2/pl X .

Thus, this optimal weight satisfies®

—1
Wo = — e Ny = = wr
pd X pe pd S e 1"ty

i.e. it is a constant multiple of the tangency portfolio wp. Therefore, this parametrizes the
CAL by (5.13). |

6. CAPITAL ASSET PRICING MODEL (CAPM)

The Capital Asset Pricing Model is an idea going back to [5], which answers a seemingly
simple question: how do the returns of an asset relate to the returns of a market? It turns
out that if we accept Assumption 3.1 of the Gaussian model and its implications, then the
answer is very simple: In presence of a risk-free asset, the excess returns X; := r; — uy
of every asset ¢ are a constant multiple 3; € R of the excess returns X, := r, — pus of
the market plus some non-systematic noise ¢; that is uncorrelated with the market. In
particular, every assets expected long term return above the market is a; = 0.

In theory, the implications of this insight are that this model confirms the passive approach
to investing. After all, if no asset yields an advantage what point is there in putting effort
into security selection? One should simply buy one diversified market portfolio and wait.

In practice it is not that simple. Even in theory the conclusions of that model only strictly
hold for choosing the tangency portfolio to represent the market, which in practice is often
not the case. The conclusions rely on the Assumption 3.1 and it is known that in practice
markets do not exactly follow a Gaussian distribution. For that reason another pragmatic
use of the CAPM is to use it to derive benchmarks for active asset management.

6.1. Assets and Portfolios In order to be able to apply the CAPM to that wider use
case, we we need a slightly more general version of it, which we derive now.

The following is an application of a stochastic version of the following simple geometric fact:
Every vector X; is a multiple §; of every other vector Xp plus some residual &; that is
orthogonal to Xp.

SNotice that since the volatility at that point is 1 by construction, this gives a Sharpe ratio of

Ty—1
He X7 fle . (5.2)
S(wo) = pg wo = —==C =\ /uT "1y, =7 S,
‘ M;rzillle ‘
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Lemma 6.1. Let r ~ N (u, X) be the return vector of d risky assets, py be a risk-free return

and 7p := wpr be the return of any portfolio with weights wp € R%. Then the excess returns

Xp :=rp — py of the portfolio and the excess returns X; := r; — uy of any asset satisfy

X = BiXp+ A, A = oy + ¢4,

for some random variables A;, ¢; and «; € R. These satisfy
COV[XP, Al] = COV[XP7EZ'] = 0, E[EZ] = 07
and

o COV[X,L', Xp]

/Bi V[XP] ’

In particular, their conditional expectation is given by

E[XZ | Xp} = +ﬂiXp.

a; = B[A;] = pi — pg — Bi(up — 1)

(6.1)

(6.4)
0

Proof. Consider the Hilbert space of L? random variables and define the 2-dimensional

linear subspace U := span(1, Xp). By definition this means, there exist unique «;, 8; € R

and g; € L? such that

Xi=(; + B Xp)+ei€cUDYV,

where V is the orthogonal complement to U. In particular, setting A; := «; +¢;, this proves

(6.1). By definition of orthogonality, we obtain

0 = <5i7 1>L2 = E[Ei],
0= (e;,Xp)r2 = E[e; Xp],

thus

Covle;, Xp] = E[e; Xp] — Elg;] E[Xp] =0,
= Cov[Xp, 4;] = Cov[Xp,e;] =0,

since «; is a constant. This shows (6.2) and implies
COV[Xi, Xp] = 61 V[Xp],

as well as

a; = E[A;] = E[X;] — B E[Xp] = pi — puy — Bi(up — pf)-

hence we have shown (6.4). To see the claim on conditional expectations, recall that since

the d-vector of assets r is Gaussian, the variable (X;, Xp) is jointly Gaussian as well. Hence,

the conditional expectation is given by’

Cov[X;, Xp]
V[Xp]

= i — iy + Bi(Xp — (up — py))

= pi — pog — Bilpp — pg) + BiXp

=a; + BiXp

E[X; | Xp] = E[X;] + (Xp —E[Xp])

|

Trecall e.g. https://en.wikipedia.org/wiki/Multivariate_normal_distribution#Conditional_

distributions
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6.2. CAPM Formulations Armed with Lemma 6.1 we can now prove that if we choose
the tangency portfolio as the portfolio P, we obtain the equation that made the CAPM

famous.

Theorem 6.2. Let r ~ N(u,X) be the d-dimensional random variable of the risky asset
returns and 77 := wyr be the returns of the tangency portfolio. Then the relationship
between the excess returns of asset ¢ and the excess returns of the tangency portfolio are
given by

_ Covlry, rr]

pi — g = Bilpr — py), Bi = Vire] (6.5)

In particular,

O

Proof. The covariance matrix between the return vector r and the portfolio returns rr is
given by

Cov[r, rr] = Cov[r, rjwr = Jwr.

Using (5.1) for ip = pr we obtain

2 2

wr = KT — Bt _QMf Y e = pte = ——Ywp = ———— Cov|r, 7]
S WT — fif P — fig
Plugging the definition of . we obtain
S? S?
w— gl = Covlr,rp]——— = Cov[r, rp| —————5 (ur — 115)
! HT — piy (b1 — pg)? !
(5.3) Covlr, rT]( - Cov]r, ’I“T]< )
Evaluating this equation of vectors for any component i gives the result. (|

Remark 6.3 (market vs tangency portfolio). In practice, the CAPM is often formulated
using the term market portfolio r,, instead of tagency portfolio r7. Even though strictly the
results only hold for the tangency portfolio, some may find it useful to think about returns
in this way. %

Remark 6.4 (CAPM formulations). There are three slightly different formulations of the
CAPM depending on whether we are interested in returns, conditional expectations or ex-
pectations. We use the notation r,, for the market portfolio here.

(i) Asset Return Generation Model
ri = pg + Bi(rm — pg) +ei (6.7)
This is an equality of random variables obtained from Egs. (6.1) and (6.6), where

e r; are the returns of the asset

e 1, are the returns of the market portfolio
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o sir is the risk-free rate,

o B; = Sovlrmri] %itin € R is the beta

Vrs]
e 07 :=V[r;] = %02, + o2 is the total variance of the asset
e 02 :=VIr,,] is the variance of the market

e ¢; is the error term, Covle;, ] = 0, E[g;] = 0.

e 02 :=V[e;] = 07 — %02, is the non-systematic variance

e 202 is the systematic variance of the asset

e o; is the total risk, B;0,, the systematic risk and o. the non-systematic risk of
the asset.

(ii) Conditionally expected asset returns given market returns:

Elri [ rm] = ps + Bilrm — pyr) (6.8)
This is an equality of random variables obtained from Egs. (6.4) and (6.6), where

o E[r; | 7] are the conditionally expected asset returns r; given the market returns

Tm-

(ii) Expected asset returns:

pi = Elri) = py + Bi(pm — ps) (6.9)
This is an equality of numbers obtained from (6.5), where
e u; = E[r;] are the expected returns of asset i
® (i, = E[r,,] are the expected returns of the market portfolio %
6.3. The Beta & (Non)systematic Risk The quantities 8; and o, from (6.7) have a

very concrete interpretation. It means that the exccess returns of an asset are driven by
only two sources:

(i) Systematic risk: The asset moves because the market moves (precisely by B;(r., —
¢). Financially, this is driven by macro-economic effects and is not diversifiable.

(ii) Nonsystematic Risk: This is the move due to ¢;. This risk is idiosyncratic and
hence diversifiable.

The beta is a factor that translates how the market moves affect the asset moves. Depending
on its size and sign, it has very different effects, see also Fig. 8:

e 3> 1: The asset moves in the same direction as the market, but stronger.
e 0 < B < 1: The asset moves in the same direction as the market, but weaker.
e 3 =0: The asset has no systematic risk at all.

e —1 < B < 0: The asset moves in the opposite direction as the market, but with smaller
magnitude.

e 3 < —1: The asset moves in the opposite direction as the market but with larger
magnitude.
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Figure 8: Effect of Beta

6.4. CAPM and Simple Regression One should remark that when we write down (6.1)
again

Xi =a; + BiXm + & (6.10)

this equation bears close resemblance to Simple Linear Regression. In linear regression
we assume that there is a pair of real-valued random variables (X,Y’) and that these are
theoretically related by

Y = f(X)+,

where ¢ satisfies E[e | X] = 0 and f : R — R is a function. Notice that this automatically
implies E[Y | X] = f(X), i.e. f is the conditional expectation function. In practice, we are
often given iid (z;,y;), j = 1,..., N, of (X,Y), and hence condition this on X = z; and
obtain

Y; = f(xj) + €5,

where ¢; := ¢ | X = z;. In addition, one often makes the assumption that these residuals
are Gaussian with constant variance, i.e. €; ~ N(0, 02). Such a regression is called simple®,
if we assume in addition that the relationship is linear, i.e.

f(z) =Bz +a,

where « is called intercept and § is called slope. Notice that in this case (6.10) is precisely
an example of the simple linear regression setup where ¥ = X; and X = X,,.

Geometrically, the linear regression problem amounts to fitting a line to a cloud of points,
see Fig. 9. In order to make precise what we mean by fit, one usually demands that the
fitted line minimizes the squared error, i.e.

N

J(e, B) =" (f(a;) —y;)*.

i=j

8see e.g. https://en.wikipedia.org/wiki/Simple_linear_regression
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Figure 9: CAPM and Linear Regression

One can show that the resulting coeflicients (B,d) that minimize this error are precisely
given by
A N - _
~ Covlz,g] 2= (x — %)y — ;) A
B = = N —\2 ) &=y —pr,
Var|Z] i—1 (€ = T)

where

|
™
QH
N]

I
=z =
M=
S

Jj=1 Jj=1

are the estimated empirical means of X and Y and
- XN - 1 N
Covlz, g] := & >z =2y - ), Var[#] = > (@ —x)?
j=1 j=1

are the empirically estimated covariance between X and Y and the empirically estimated
variance of X. Or in other words, this is exactly the empirical version of the theoretical
result (6.4) for alpha and beta. For that reason, practitioners sometimes like to use the
linear regression setup to estimate these quantities as linear regression has a rich statistical
framework that allows for goodness of fit assessments and analysis.

6.5. Abnormal Returns The term A; = a; + ¢; from (6.1) is called abnormal return.
This is a random variable to the sum of the constant «; and the g;. The reason for that
name is the following: Given a risk free rate py, the §8; of an asset, we can work out the
returns we expect on that asset ¢ on any given day and given the r,, of the market under
CAPM assumptions using (6.8):

Elri | rm] = oy + BiXm = pog + Bi(rm — fiy)

This result will in general deviate from the returns r; we actually observe on that day and
the difference is precisely

ri —E[ri [ rm] =ri —pp — BiXm = Xi — BiXm = s + & = A;.
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Unfortunately, the terminology in the literature is not entirely coherent. Sometimes the A;
is also called the (realized) «;.

6.6. The Alpha & Performance Measurement Assume that P is a portfolio of assets
with weights w. Then the excess returns of the portfolio satisfy

d d d d
rp— =y wiry—pp Yy wi =y wi(ri— pg) = > wi(a; + Bi(rm — pg) + )
i=1 i=1 i=1 i=1

=1

and thus we can naturally assign an ap, Sp and ep to the portfolio as well:

d d d
ap = E w;, Bp = E w;Bi, ep = E Wig;.
i—1 i=1 i=1

One way to go about the question on whether or not it is a good idea to assume that
Assumption 3.1 are correct, hence that putting effort into security selection is in vain, is to
do it anyway and for any such portfolio P evaluate if it was worth doing. This is called
performance measurement and the most obvious metric to measure performance is precisely
that alpha:

Definition 6.5 (Jensen’s alpha). For any given portfolio P the metric
ap=rp — iy = Bp(rm — 1if)
is called the Jensen’s alpha. O

By MPT ap = 0, so over long periods of time, this metric should be zero. Hence, if one
manages to assemble a portfolio where avp > 0 this hints at systematic risk-adjusted out-
performance. The Jensen’s alpha is precisely the expected abnormal return of the portfolio.

Notice though that there is a plethora of other performance metrics for asset managers.

Definition 6.6 (Information Ratio). The information ratio is the abnormal return per unit
of risk added by a security to a well-diversified portfolio
o
IRp = -2,

O¢

where o, is the non-systematic risk. O
This can be used for security selection. The higher the IR, the more valuable the security.
The following is an extension of the Sharpe ratio.

Definition 6.7 (Treynor Ratio). Let rp be the returns of a portfolio with Sp over some
risk-free asset with returns ry. Then

rp — 7‘f
Bp
is called the Treynor ratio of P. (This is only meaningful if Sp > 0). O

Tp =

This can be used to rank individual securities.

There are many more such metrics and their usage comes with heavily debated pro’s and

cons.
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7. ENDURING INSIGHTS & PRACTICAL LIMITATIONS

Modern Portfolio Theory (MPT) and its subsequent adaptations CAL and CAPM can be
considered breakthroughs of portfolio optimization theory of their time, the 1950’s, which
has been recognized through multiple Nobel prizes in the 1990’s. Given this is now several
decades in the past, we close with some remarks on how to think about this theory today.
What has endured and what has not stood the test of time?

The insights that have endured most are the conceptual, big picture contributions, in par-
ticular:

(i) Constrained Optimization Theory: The realization that portfolio construction
should be formulated as a risk-return trade-off, not merely a return maximization.

(ii) Diversification: The insight that the risk-return profile of a portfolio does not only
depend on the risk-return profile of its composing assets, but materially on their in-
teractions. This is the intellectual foundation of diversification.

(ili) Geometry: The geometric representation of optimal risk-return profiles leading to
efficient frontiers.

The big strength of MPT is that these deep fundamental insights can be explored quantita-
tively in a very tractable analytic manner due to the assumption of jointly Gaussian asset
returns.

However, that assumption is also at the heart of the model’s greatest weaknesses:

(i) Gaussianity: Empirical analysis of asset returns show various behaviors that violate
the Gaussian assumption. The probability of upside and downside moves is not sym-
metric due to skewness effects. Tail events representing large losses occur significantly
more frequently than a Gaussian model would predict.

(ii) Risk Metrics: As a consequence, measuring portfolio risk using volatility as the
only metric is not practical. However, replacing volatility by more advanced metrics
such as VaR, ES or more general risk measures has led to interesting, but also more
challenging risk-return optimization problems, see e.g. [1].

(iii) Instability: The key inputs needed for MPT are the returns, the volatilities and
the correlations of the assets. Simply estimating these from historic data has proven
difficult as the estimates subtly depend on observation windows and outliers reflecting
that in reality the data is not only non-Gaussian, but also non-stationary. The efficient
frontier is unfortunately quite sensitive to these estimates resulting in instabilities in
optimal portfolio calculation.

8. APPENDIX

One of the most famous theorems in elementary calculus is that if a differentiable function
f R — R has an extremum at x*, then

f'(@") =0.
More generally, if a multi-variate differentiable function f : R* — R has an extremum at 2*,
then

Vi(z*)=0.
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Figure 10: Lagrange Multiplier

Both of these cases deal with unconstrained optimality. When studying functions under
constraints, the most famous case are differentiable equality constraints. The following
theorem is well-known® and states that in this case the gradient of the objective f needs to
be linearly dependent to the gradient of the constraints g, see Fig. 10.

Theorem 8.1 (Euler-Lagrange, [3, Sect 11.3]). Let f : R* = R and g : R” — R" continu-
ously differentiable functions. Assume that z* is a solution of the constrained optimization
problem

minimize f(z) subject to g(z) = 0.
Then there exists a unique vector A € R* such that
V(") =ATVg(a")

The function f is called objective function, g is called constraint and A is called Lagrange
Multiplier. O
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LisT OF SYMBOLS

A=1T%"'y € R auxilliary quantity in Markowitz optimization, page 9
A; € R abnormal return of asset i, page 28

a; € R alpha of asset i, page 28

ap € R alpha of a portfolio, page 33

B=1"%"'1eR auxilliary quantity in Markowitz optimization, page 9
Bi € R beta of asset i, page 28

Bp € R beta of a portfolio, page 33

C =p"S7 'y € R auxilliary quantity in Markowitz optimization, page 9
Ct dividend yield, page 4

R, cashflows of an asset, page 4

d € N number of risky assets, page 5

D = AC — B? € R auxilliary quantity in Markowitz optimization, page 9
1=(1,...,1) € R? a vector, where all entries are 1, page 9

€ idiosyncratic movement of asset i, page 28

IRp € R information ratio of a portfolio, page 33

uwE R¢ expected asset returns, page 5

e =p—prl € R? vector of excess returns, page 20

py € R expected risk-free return, page 19

tmvp € R return of minimal variance portfolio, page 12

ap € R target portfolio returns (across risky and risk-free assets), page 19
pr € R return of the tangency portfolio, page 22

r=(rM, ..., r@) random vector of asset returns (in percent), page 5
E[r; | rm] conditionally expected returns r; of asset ¢ given market returns r,,, page 30
Rp € R total returns of a portfolio, page 7

rp € R rate of returns of a portfolio, page 7

T rate of return, page 4

R total holding period returns of an asset (including cashflows), page 4
R, time series of capital gains/losses , page 4

T} rate of capital gain/loss, page 4

S =(SW, ..., S@) universe of assets, page 5

S =/l X" ue € R Sharpe ratio, slope of CAL, page 20

¥ e R4 covariance matrix of asset returns, page 5
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orfi € R non-systematic variance of asset ¢, page 30
0? € R total variance of asset i, page 30
2

Omyp € R variance of minimal variance portfolio, page 12

ub = pb(op) € R return of return maximal portfolio given target variance when risk-free
asset included, page 21

o} =ocp(fip) € R volatility of variance minimal portfolio given target return when risk-free

asset included, page 20
op =op(up) € R volatility of variance minimal portfolio given target return, page 9
or € R volatility of the tangency portfolio, page 22
(St)o<i<n time series of asset prices, page 4
TRp € R Treynor ratio of a portfolio, page 33
u € R? vector of asset units of a portfolio, page 7
w € R? vector of asset weights of a portfolio, page 6
wy € R weight in risk-free asset, page 19

wy € R? risky asset weights on variance minimal portfolio weights given target return when
risk-free asset included, page 20

w, € R? risky asset weights on return maximal portfolio given target variance when risk-free
asset included, page 21

wy € R variance minimal portfolio weights given target return, page 9

Wmyp € R¢ weight vector of minimal variance portfolio, page 12

/,LI% € R returns of return maximal portfolio weights given target variance, page 14
w* € R return maximal portfolio weights given target variance, page 14

wr € R? weights of the tangency portfolio, page 22

Xi =1; — puy excess return of asset i, page 28

Xp =1rp — s excess return of portfolio P, page 28
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